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Preface
A geosynchronous Transfer Orbit (GTO) is a type of transfer around the Earth between
a low Earth orbit (LEO) and the geostationary orbit (GEO). After the launch to a LEO
orbit, the orbit of spacecraft has the same inclination with respect to the equator, than
the latitude of the launch site on the Earth where the spacecraft was launched. In order
to transfer to a GEO orbit the inclination must be reduced to zero.
During a GTO it may happen that because of many different problems, the spacecraft
may not arrive to a GEO orbit and instead, it may remain in an inclined high elliptical
orbit. The aim of this project is to compare in terms of ∆v, different ways of transfers
between these elliptical orbits and the geostationary orbit.
This masters thesis presents a brief study of different ways of transfer between an ellip-
tical orbit and the geostationary orbit, using the restricted three body problem (RTBP)
as the mathematical model. In this situation, a spacecraft moves under the gravitational
forces of two massive bodies, which at the same time describe circular orbits around their
common center of mass. The RTBP has 5 equilibrium points which have been studied in
deep in the past. The results contained in this project are related with the equilibrium
point L1, which is the one that lies between the two massive bodies.
The project is organized in an introduction and four main chapters. The introduc-
tion and the first chapter provide general information about the LEO and GEO orbits,
some important facts about the Restricted Three Body Problem and an overview of the
important simple orbital manoeuvres.
In the second chapter, using the planar circular restricted three body problem (PCRTBP),
we try to find trajectories leaving a LEO orbit, and arriving to the GEO orbit, that have
the same Jacobi constant to different Lyapunov orbits around the equilibrium point L1 of
the Sun-Earth+Moon system. Then, we compute the ∆v required to inject our trajectories
in these orbits.
In chapter three, using the spatial RTBP, we match trajectories coming from the LEO
orbit and arriving to the GEO orbit with suitable trajectories obtained from the geometry
of the libration zone.
In chapter four, we study the transfers in the same way we did in the previous chapter,
but this time with the Earth-Moon problem instead of the Sun-Earth+Moon problem.
The project ends with some conclusions about the required ∆v to perform the different
types of transfer, and possible future work.
3
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Introduction
In this chapter we are going to introduce the concepts of the geostationary orbit and low
Earth orbits, as well as the mathematical model we will use: the restricted three body
problem.
0.1 Introduction to LEO and GEO orbits
0.1.1 The Geostationary Orbit
A geostationary orbit (GEO) is a geosynchronous orbit, ie, an orbit around the Earth with
an orbital period matching the Earth’s sidereal rotation period, directly above the Earth’s
equator, with orbital eccentricity of zero. From the ground, a spacecraft in a geostationary
orbit appears motionless in the sky. A perfect geostationary orbit is a mathematical
abstraction, because it could only be possible for a spacecraft orbiting around a perfect
symmetric Earth with no other forces than the gravity of the Earth. Although a perfect
geostationary orbit is not possible, it is useful as an approximation of the real case because
the other forces are small in comparison.
A spacecraft in a geostationary orbit has a period of a sideral day, i.e., 24 h and 56 min.
The period of a circular orbit is
P = 2π
√
r3
µ⊕
(1)
where r is the radius of the orbit. Therefore,
23 h + 56 min = 86160 sec = 2π
√
r3
µ⊕
.
Using that µ⊕ = 3.986012 · 105 km3/sec2, the radius of a geostationary orbit and the
velocity of an spacecraft on a GEO orbit are
r = 42162.862 km (2)
v =
√
µ⊕
r
= 3.074 km/s. (3)
0.1.2 Low Earth Orbits
A Low Earth Orbit (LEO) is generally defined as an orbit located in the region between
the Earth’s surface and an altitude of 2000 km above the Earth’s surface, i.e. LEO includes
orbits having perigees and apogees between about 300 km and 2000 km. A LEO orbit is
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an orbit around the Earth between the atmosphere and the inner Van Allen radiation belt.
The altitude of a LEO orbit is not less than 300 km because the effect of the atmospheric
drag would make the mission impractical. LEO orbits are so close the Earth that the
effects due to the facts that the Earth is not spherical and its the center of gravity is not
coincident with its center of mass are not negligible.
Contrary to the case of the GEO orbit where it has to be in the equatorial plane and it
has to be circular, a LEO orbit can be in any plane and can be elliptical. LEO orbits in
the equatorial plane are called ELEO and orbits with a high inclination angle are usually
called polar orbits.
Although in this project we are dealing with elliptical orbits with a semi-major axis of
12000 km to 20000 km, which are not considered LEO orbits, we still call them LEO in
order to simplify the nomenclature. These type of orbits that we are considering may be
obtained as a result of a failure in propulsion, when the spacecraft, trying to leave the
LEO orbit, remains in a high elliptical orbit, without reaching the target orbit.
0.2 The restricted circular three body problem
0.2.1 Definition of the problem and equations of motion
Consider an infinitesimal particle, m, under the gravitational attraction of two big masses,
called primaries: m1 and m2. It is assumed that the attraction of the infinitesimal particle
on the primaries is negligible, so the primaries describe Keplerian orbits around their
common center of mass. In this project we will assume that the primaries describe circles
around their center of mass. The restricted three body problem considers the motion of
the third body of infinitesimal mass relative to the primaries.
The standard dimensionless canonical system of units is used, which implies that the sum
of the masses of the primaries, the gravitational constant and the period of the primaries
is equal to 1, 1 and 2π respectively. With these units, the distance between the primaries
is also 1. The mass of the smallest primary is denoted by µ so 1 − µ is the mass of the
biggest primary.
There are several systems of reference that can be used to describe the spatial restricted
three-body problem. We will use the rotating system. In the rotating system of reference,
the origin is the center of mass of the two massive primaries. The horizontal axis, x, is
the line that connects the two primaries at any time. The orientation of this axis is given
by the direction that goes from the smallest to the biggest primary. It rotates in such
way that the two massive primaries are always on this axis. The z axis has the direction
given by the angular motion of the primaries and the y axis is chosen orthogonal to the
previous ones to complete a positively oriented coordinate system. With this reference the
primaries remain fixed for all times t, and the small primary is located at (µ− 1, 0, 0) and
the big one at (µ, 0, 0).
The equations of motion of the particle of infinitesimal mass are then
x¨− y˙ = ∂Ω
∂x
y¨ + x˙ = ∂Ω
∂y
z¨ = ∂Ω
∂z

 (4)
where Ω(x, y, z) =
1
2
(x2+y2)+
1− µ
r1
+
µ
r2
+
1
2
µ(1−µ), and r1 and r2 denote the distance
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from the particle to the big primary and small primary respectively,
r1 =
√
(x− µ)2 + y2 + z2 and r2 =
√
(x− µ+ 1)2 + y2 + z2.
One important fact of using the rotating system of reference to describe the motion of
the particle in the three body problem is the existence of an invariant; the Jacobi constant:
J(x, y, z, x˙, y˙, z˙) = 2Ω(x, y, z) − (x˙2 + y˙2) (5)
0.2.2 Equilibrium points of the RTBP
We look for solutions such that x˙ = y˙ = z˙ = x¨ = y¨ = z¨ = 0. Let (x, y, z) be an equilibrium
point, then it has to satisfy
∂Ω
∂x
= x− 1− µ
r31
(x− µ)− µ
r32
(x+ 1− µ) = 0 (6)
∂Ω
∂y
= y − 1− µ
r31
y − µ
r32
y = 0 (7)
∂Ω
∂z
= −1− µ
r31
z − µ
r32
z = 0 (8)
The third equation is trivially satisfied if and only if z = 0, because −1−µ
r3
1
− µ
r3
2
is
negative. As a result, all equilibrium points are contained in the plane of relative motion
of the primaries.
The solution of equations (6) and (7) results in five points, three on the x axis, called
the collinear solutions and two forming equilateral triangles with the primaries, called
the equilateral solutions. These latter ones are given by r1 = r2 = 1 which values, if
substituted in equations (6) and (7), will furnish the solution with y 6= 0. Furthermore,
to find the collinear points we write y = 0 in equations (6) and (7) and solve equation (6)
for x.
The triangular points have coordinates x = µ− 1
2
and y = ±
√
3
3
, the plus sign corresponds
to L4 and the minus to L5. Computation of the values of the abscissas of the collinear
points requires the solution of the Euler quintic equation.
The first collinear point L1 is located between the two primaries, close to the small one.
The second collinear point L2 i located on the left of the small primary and the third
collinear point is to the right of the big primary.
Let the distance from the small primary and the equilibrium point between this mass
and -∞ be represented by ξ. Then, x+ 1− µ = −ξ and x− µ = −1− ξ. Therefore, after
clearing the fractions, the equation (6) can be written as the Euler quintic equation,
ξ5 + (3− µ)ξ4 + (3− 2µ)ξ3 − µξ2 − 2µξ − µ = 0. (9)
Descartes’ sign rule indicates one and only one positive root for 0 < µ ≤ 1
2
.
Let now be ξ the distance between the small primary and the equilibrium point found
between the masses m1 and m2. In this case, x + 1 − µ = ξ and x − µ = −1 + ξ. Then,
the quintic equation to be solved is
ξ5 − (3− µ)ξ4 + (3 + 2µ)ξ3 − µξ2 + 2µξ − µ = 0, (10)
which again shows the existence of one positive root according to Descartes’ rule of signs.
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Finally, let ξ be the distance between the big primary and the equilibrium point between
the big primary and ∞. Then we have x− µ = ξ and the equation to be solved is now,
ξ5 + (2 + µ)ξ4 + (1 + 2µ)ξ3 − (1− µ)ξ2 − 2(1− µ)ξ − (1− µ) = 0, (11)
which because of the single sign-change present, indicates one and only one positive root.
Since the root is near 1 it is advantageous to introduce γ = ξ − 1 which gives
γ5 − (7 + µ)γ4 + (19 + 6µ)γ3 − (24 + 13µ)γ2 + (12 + 14µ)γ − 7µ = 0. (12)
To solve these three quintic equations iterative methods are used.
The three equilibrium points L1, L2 and L3 which lay in the x-axis, are known as Euler
points. The other two, L4 and L5, are known as Lagrange points.
Chapter 1
Simple Orbital Manoeuvres
1.1 Orbital Manoeuvres
Orbital manoeuvers are characterized by a change in orbital velocity. If an increment ∆V
is added to the velocity of a spacecraft V1 then a new satellite velocity V2 results. If the
∆V is added instantaneously then the manoeuver is called an impulse manoeuver.
1.1.1 One impulse manoeuvres
A single velocity change is sufficient to change all the orbital elements. In this section
we will explain the most simple orbital manoeuvres which only require a change in the
velocity once.
Adjustment of perigee and apogee height
An efficient way of changing the perigee or apogee height relies on a velocity increment
provided at the opposite apsis.
We have the energy relationship which is valid for all orbits
ε =
v2
2
− µ
r
= −µ
a
(1.1)
If we solve it for v2 we have
v2 = µ
(
2
r
− 1
a
)
(1.2)
Suppose we want to change the speed v at a point in the orbit leaving r unchanged. What
effect would this have on the semi-major axis of the orbit a?
2vdv =
µ
a2
da (1.3)
da =
2a2
µ
vdv (1.4)
So, if a small change in speed, dv, is done, the semi-major axis changes da, and the length
of the orbit changes 2da. If the speed change is done at perigee, the resulting change in
the major axis will actually be a change in the height of apogee. Similarly, a ∆v applied
at apogee will result in a change in the perigee height.
9
10 Simple Orbital Manoeuvres
Using the equation (1.4), for a small finite change in velocity at perigee and apogee, we
get the following relationships:
∆ha =
4a2
µ
vp∆vp (1.5)
∆hp =
4a2
µ
va∆va (1.6)
One should notice that in some manoeuvres the apsides may interchange their role (from
periapsis to apoapsis, and vice versa).
Simple plane change
If after applying a finite ∆~v to a circular orbit, the speed and flight-path angle of the
satellite are unchanged, then, only the orbital plane has been changed. This is called a
simple plane change. A simple plane change rotates the orbital plane by means of one
impulse burn, without altering size or shape of the orbit. Because the energy and the
magnitude of the angular momentum have not been changed we have that the magnitude
and tangential component of velocity remain constant. Therefore, the radial component of
velocity vr must remain constant, while the tangential component vθ is rotated the desired
angle ∆ψ. Then we have an isosceles triangle and we can obtain
∆v = 2vθ sin
∆ψ
2
(1.7)








1
P
P
P
P
P
P
P
P
Pq?
ψ
vc1
vc1
∆v
Figure 1.1: Velocity vector isosceles triangle for a circular orbit plane change.
In general, a plane change will change both, inclination i and the right ascenscion of
the ascending node Ω of the original orbit. In order to perform a plane change without
changing Ω the plane change has to be done at an equatorial crossing.
In figure 1.2 we have plotted the ∆v
vc1
required to perform a simple plane change, in order
to show that a plane rotation requires a significant velocity change with no energy gain,
so in many cases, a specific manoeuvre for a plane change can be avoided or executed at
a lower cost in the occasion of a burn aimed to change the spacecraft energy.
Combined change of apsis altitude and plane orientation
We consider an adjustment of the apsis altitude of an orbit combined with a plane change
of ∆ψ degrees, which is therefore the angle between the vectors ~v1 and ~v2. Suppose v2 > v1.
If we perform the manoeuvres separately it is convenient to make the plane change before
increasing the velocity, and then, the total velocity change is therefore given by
∆vs = ∆vr +∆ve = 2v1 sin
∆ψ
2
+ (v2 − v1) (1.8)
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Figure 1.2: Single impulse plane change for circular orbits.
and the velocity increment doing both manoeuvres at the same time is
∆vc =
√
v22 + v
2
1 − 2v1v2 cos∆ψ (1.9)
In figure 1.3 we show the benefit achieved (∆vs − ∆vc)/v1 for different values of (v2 −
v1)/v1 = ∆ve/v1.
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6
−0.05
0
0.05
0.1
0.15
0.2
0.25
0.3
∆ ψ
(v s−
v c
)/v 1
∆ v
e
/v1=0.1
0.2
0.3
0.4
0.5
Figure 1.3: Benefit of the combined manoeuvre plane change and change apsis altitude.
1.1.2 Two impulse manoeuvres
In this case we study manoeuvres which start at point 1 on the initial orbit, where the
spacecraft is inserted into a transfer orbit (labeled with the subscript t), and that end at
point 2 with injection on the final orbit.
12 Simple Orbital Manoeuvres
Transfer between coplanar circular orbits
We consider the transfer of a spacecraft from a circular orbit of radius r1 to another circular
orbit of radius r2. We suppose that r2 > r1. The transfer orbit must intersect or at least
be tangent two both the circular orbits, which means that
rpt =
pt
1 + et
≤ r1 (1.10)
rat =
pt
1− et ≥ r2 (1.11)
As a consequence, the admissible values for eccentricity, et and semi-latus rectum, pt of
the transfer orbit must lie in the area shown by figure 1.4.
0  r1 r2
0  
1  
p
e p/(1+e)=r1
p/(1−e)=r2
1
v1
v
c1
φ12
Figure 1.4: p versus e and ∆v required at point 1.
Suppose we have picked values of p and e possible, then, in order to determine the ∆v
necessary to perform the transfer, it is necessary to obtain the energetic parameters of the
transfer orbit
εt = − µ
2at
= −µ1− e
2
t
2pt
ht =
√
µp (1.12)
and then, the velocity after the first burn is
v1 =
√
2
(
µ
r1
+ εt
)
(1.13)
The satellite already has circular speed at point 1 of the small orbit, its speed is vc1 =
√
µ
r1
.
The angle between ~v1 and ~vc1 is just the flight path angle, φ1. Since h = rv cosφ, we have
that cosφ1 = ht/(r1v1).
Then, using the law of cosines we see that
∆v1 =
√
v21 + v
2
c1
− 2v1vc1 cosφ1 (1.14)
The second velocity increment at point 2 can be computed in a similar way.
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v1
v2
Figure 1.5: Hohmann transfer.
The Hohmann transfer
The minimum change of velocity required to perform a transfer between two circular
coplanar orbits is achieved by using a doubly tangent transfer ellipse.
Suppose we want to travel from a small orbit whose radius is r1 to a large orbit whose
radius is r2, along the transfer ellipse that has rpt = r1 and rat = r2. We call the speed at
point 1 v1. Since we know r1 we could compute v1 if we knew the energy of the transfer
orbit εt. But from the geometry we have that
2at = r1 + r2 = rpt + rat (1.15)
Since ε = − µ
2a
we have that the energy of the transfer ellipse is
εt = − µ
r1 + r2
(1.16)
and
v1 =
√
2
(
µ
r1
+ εt
)
(1.17)
which is parallel to the circular speed at point 1 of the small orbit vc1 =
√
µ/r1 but higher.
So, to make our satellite go from the small circular orbit to the transfer ellipse we need to
increase its speed with the increment
∆v1 = v1 − vc1 (1.18)
The velocity on reaching the target outer orbit at r = r2 is
v2 =
√
2
(
µ
r2
+ εt
)
(1.19)
14 Simple Orbital Manoeuvres
which is also parallel to the circular velocity vc2 =
√
µ/r2 but smaller. Therefore, a second
burn is required
∆v2 = vc2 − v2 (1.20)
Although in this example we went from a small orbit to a larger orbit, the same principles
may be applied to transfer in the opposite direction. The only difference would be that
two speed decreases would be required instead of two speed increases.
The time of flight for a Hohmann transfer is just half of the period of the transfer ellipse.
Since Pt = 2π
√
a3t /µ we have that
TOF = π
√
a3t
µ
(1.21)
While the Hohmann transfer is the most economical from the point of view of ∆v
required, it also takes longer than any other possible transfer orbit between the same two
circular orbits.
In this example we have studied the Hohmann transfer between two circular coplanar
orbits, but we can perform a similar Hohmann transfer between two elliptical coplanar
orbits which have their periapsis aligned and in the same side of the focus. The only
difference are
at = rp1 + ra2 (1.22)
and
ve1 =
√
µ
(
2
rp1
− 1
a1
)
(1.23)
ve2 =
√
µ
(
2
ra2
− 1
a2
)
(1.24)
where rp1 is the distance of the periapsis of the first orbit, ra2 the distance of the apoapsis
of the second orbit, and a1 and a2 the semi major axis of the elliptical orbits.
Hohmann transfer with split-plane change
A non-coplanar Hohmann transfer is a transfer between two circular orbits of radius r1
and r2 which are not in the same plane. A typical example is a transfer between an
inclined LEO to an equatorial GEO (geostationary orbit). The axis of the Hohmann
ellipse coincides with the intersection of the initial and final orbital planes. The impulses
we give the spacecraft to perform the transfer provide a combined change of apsis altitude
and plane orientation. The first ∆v produces siimultaneously a transfer ellipse whose
apogee radius equals the final orbit radius and rotates the orbit plane through some angle
α1. At apogee of transfer ellipse the second ∆v circularizes the orbit and rotates the plane
through an angle α2 = ψ − α1, where ψ is the angle between the orbits.
vc1 =
√
µ
r1
(1.25)
vt1 =
√
2
(
µ
r1
− µ
r1 + r2
)
=
√
2µ
r2
r1(r1 + r2)
(1.26)
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vc2 =
√
µ
r2
(1.27)
vt2 =
√
2
(
µ
r2
− µ
r1 + r2
)
=
√
2µ
r1
r2(r1 + r2)
(1.28)
then, we have
∆v21 = v
2
t1
+ v2c1 − 2vt1vc1 cosα1 (1.29)
∆v22 = v
2
t2
+ v2c2 − 2vt2vc2 cos (ψ − α1) (1.30)
∆v = ∆v1 +∆v2 (1.31)
To minimize ∆v we want
∂∆v
∂α1
= 0
∂∆v
∂α1
=
vc1vt1
∆v1
sinα1 − vc2vt2
∆v2
sin (ψ − α1) = 0
Solve iteratively for α1opt. Then α2opt = ψ − α1opt and
∆vmin = ∆v1opt +∆v2opt (1.32)
1.1.3 Three impulse manoeuvres
In some cases it is cheaper to execute a three impulse manoeuvre than a two impulse
one. A three impulse manoeuvre, basically, consists of a combination of two Hohmann
transfers; subscript 3 denotes the point where the intermediate impulse is applied.
If we analyze a Hohmann transfer we have that
∆v1 =
√
2
(
µ
R1
+ εt
)
−
√
µ
R1
=
√
2
(
µ
R1
− µ
R1 +R2
)
−
√
µ
R1
=
=
√
2µR2
R1(R1 +R2)
−
√
µ
R1
=
√
µ
R1
(√
2
R2
R1 +R2
− 1
)
∆v2 =
√
µ
R2
−
√
2
(
µ
R2
− µ
R1 +R2
)
=
√
µ
R2
−
√
2µR1
R2(R1 +R2)
=
=
√
µ
R2
(
1−
√
2
R1
R1 +R2
)
∆v1 +∆v2 =
√
µ
R1


√√√√2 R2
R1
(
1 + R2
R1
) − 1

+√ µ
R2

1−
√√√√2 R1
R1
(
1 + R2
R1
)


If we call λ = R2
R1
∆v = ∆v1 +∆v2 =
√
µ
R1
(√
2λ
1 + λ
− 1
)
+
√
µ
R2
(
1−
√
2
1 + λ
)
(1.33)
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Now, if we consider ∆v/vc1 = ∆v/
√
µ/R1 we have that
∆v
vc1
= ∆v
√
R1
µ
=
√
2λ
1 + λ
− 1 +
√
1
λ
(
1−
√
2
1 + λ
)
=
√
2λ
1 + λ
(
1− 1
λ
)
+
√
1
λ
− 1 (1.34)
This function does not increase monotonically for increasing final orbit radius r2, but it
reaches a maximum at λ = 15.58172, r2 = rH = 15.58172·r1 with value 0.53625. For larger
values of λ the total velocity requirments decrease and aproach
√
2−1 as λ→∞. Beyond
this value of r2 it will be convenient to divide the mission in two Hohmann transfers. In
figure 1.1.3 we have plotted the function.
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Figure 1.6: Cost of a Hohmann transfer.
Bielliptic transfer between two circular orbits
The bielliptic transfer consists of two Hohmann transfers. The first one gives the spacecraft
an increment of velocity ∆v1 which takes it to a transfer ellipse with apogee r3 > r2, where
the spacecraft trajectory is not circularized, but a smaller ∆v3 takes it to another Hohmann
transfer trajectory towards the target orbit of radius r2, where the spacecraft is slowed
down to circularize its orbit.
If we analyze the bielliptic transfer as we did in the Hohmann transfer, we have
∆v1 = vp1 − vc1 =
√
µ
r1
(√
2r3
r1 + r3
− 1
)
∆v3 = va2 − va1 =
√
2µ
r3
(√
r2
r2 + r3
−
√
r1
r1 + r3
)
∆v2 = vc2 − vp2 =
√
µ
r2
(
1−
√
2r3
r2 + r3
)
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Figure 1.7: Bielliptic orbit transfer.
but in this case ∆v2 < 0 because it is the part of a Hohmann transfer between two orbits
where the target orbit is smaller than the first orbit. Then, if we calculate ∆v we have
∆v = ∆v1 +∆v3 + |∆v2| =
√
µ
r1
(√
2r3
r1 + r3
− 1
)
+
+
√
2µ
r3
(√
r2
r2 + r3
−
√
r1
r1 + r3
)
+
√
µ
r2
(√
2r3
r2 + r3
− 1
)
=
=
√
µ
r1
(√
2r3/r1
1 + r3/r1
− 1
)
+
√
µ
r2
(√
2r3/r1
r2/r1 + r3/r1
− 1
)
+
+
√
2µ
r3
(√
r2/r1
r2/r1 + r3/r1
−
√
1
1 + r3/r1
)
If we call λ = r2
r1
and α = r3
r1
and we divide ∆v by vc1 =
√
µ
r1
we get
∆v
vc1
=
√
2α
1 + α
− 1 +
√
1
λ
(√
2α
λ+ α
− 1
)
+
√
2
α
(√
λ
λ+ α
−
√
1
1 + α
)
(1.35)
The minimum velocity required to perform this kind of transfer is with a biparabolic
orbit, ie with r3 = ∞. In this case, an impulse transfers the spacecraft from a circular
orbit to a minimum energy escape trajectory. Then an infinitesimal impulse is given at
an infinite distance from the main body to move the spacecraft between two different
parabolas. At the end, another impulse is given to slow down the spacecraft and to
circularize it in the target orbit.
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If we make r3 go to ∞, ie, for α→∞ in equation (1.35) we get the velocity increment
required for a biparabolic orbit
∆v
vc1
=
(√
2− 1
)(
1 +
√
1
λ
)
(1.36)
The biparabolic transfer has a better performance than the Hohmann transfer for r2 >
rp = 11.93876 · r1. If radius of the target orbit is between rb and rH , also the bielliptic
transfer is better in terms of velocity, than the Hohmann transfer, for r3 sufficiently big
(rb is the first point where the graphic of the bielliptic meets the graphic of the Hohmann
transfer). In figure 1.8 there is a comparison between the Hohmann transfer and bielliptic
and biparabolic transfers.
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Figure 1.8: Comparison between Hohmann transfers and bielliptic and biparabolic trans-
fers.
Although the bielliptic and biparabolic transfers can be cheaper in terms of velocity than
the Hohmann transfer, their time of flight is considerably incremented, (in a biparabolic
transfer is infinite). This is the reason why they are not very used in transfers between
coplanar orbits.
We have explained the bielliptic transfer between two circular orbits, but we could have
done a similar analysis using two elliptical orbits with their periapsis aligned and in the
same side of the focus.
Restricted three impulse plane change manoeuvre for circular orbits
For circular orbits, this manoeuvre is intended to lower the cost ∆v of the single impulse
plane change. The first ∆v1 is addedd tangentially to the circular orbit velocity in order
to achieve a transfer ellipse whose apogee radius is r2. At apogee ∆v3 is used to rotate the
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apogee velocity through the desired plane change angle θ. After the rotation, the satellite
return via a second transfer ellipse to the original point of departure. At this point ∆v2
is applied tangentially in a retro direction to achieve the final circular orbit, which has
the same radius but has been rotated through the angle θ. ∆v1 and ∆v2 are equal in
magnitude
vc1 =
√
µ
r1
∆v1
vc1
=
∣∣∣∣∆v2vc1
∣∣∣∣ =
√
2 (r2/r1)
1 + (r2/r1)
− 1
∆v = ∆v1 +∆v3 + |∆v2|
but in this case
∆v3
vc1
= 2
√
2
(r2/r1) (1 + (r2/r1))
sin
θ
2
(1.37)
where θ is the angle between the planes.
The point of doing the plane change this way is to make the orbit rotation at a point
where the velocity is low, i.e., at the apogee of the transfer ellipse.
General three-impulse plane change manoeuvre for circular orbits
This manoeuvre is like the restricted manoeuvre just descrived above but, in this general
case, a plane change is performed at each manoeuvre. The sum of the plane changes equals
the total required rotation θ. By symmetry, the plane change performed as part of the
first and third ∆v applications is the same.
Bielliptic transfer between two non-coplanar circular orbits
We have seen before that it is better to perform a plane of change manoeuvre combined
with another manoeuvre, ie, at the same time, in order to reduce the cost of the action,
instead of doing each manoeuvre separately.
To perform a bielliptic transfer between two non-coplanar circular orbits, it is better to
execute the change of plane manoeuvre at each of the three ∆v applications, then, we will
be computing each time two manoeuvres at the same time. Then, we will have
∆v21 = v
2
t1i
+ v2c1 − 2vt1i vc1 cosα1 (1.38)
∆v23 = v
2
t2i
+ v2t1f
− 2vt2i vt1f cosα2 (1.39)
∆v22 = v
2
t2f
+ v2c2 − 2vt2f vc2 cos (θ − α1 − α2) (1.40)
where vt1i is the velocity at the perigee of the first transfer ellipse, vt1f the velocity at the
apogee of the first transfer ellipse, vt2i is the velocity at the apogee of the second transfer
ellipse vt2f is the velocity at the perigee of the second transfer ellipse, and θ the angle
between the two orbits.
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If we perform the entire plane change manoeuvre at the apogee of the transfer ellipse,
at distance r3, i.e., α1 = 0 and α2 = θ, we will have
∆v1 = vt1i − vc1 (1.41)
|∆v2| = vt2f − vc2 (1.42)
∆v3 =
√
v2t2i
+ v2t1f
− 2vt2i vt1f cos θ (1.43)
As we did before, when analyzing the bielliptic transfer, with the same notation, and
using the just calculated ∆v3, we can compute ∆v/vc1 for the bielliptic transfer with a
plane change in the second manoeuvre. Plotting the results we can find out whether it is
better to perform a Hohmann transfer or a bielliptic transfer, depending on the parameters
of the two orbits.
∆v
vc1
=
√
2α
1 + α
− 1 +
√
1
λ
(√
2α
α+ λ
− 1
)
+
+
√√√√ 4
α
− 2
λ+ α
− 2
1 + α
− 4 cosψ
α
√
λ
(α+ λ)(1 + α)
(1.44)
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Figure 1.9: Comparison between different bielliptic transfers and a Hohmann transfer for
different inclinations.
If the two orbits have the same radius, we have obtained a plane change using two
symmetric Hohmann transfers that move the spacecraft to a place where the cost of the
manoeuvre is cheaper, i.e., the restricted three impulse plane change manoeuvre.
1.2 Transfers between LEO and GEO 21
If we use a biparabolic orbit, then any rotation can be done with zero cost. If we
compare the velocity change of a simple plane rotation vspr with the velocity required to
enter and leave an escape parabola (biparabolic trajectory between the same orbit)
∆vspr = 2vc1 sin
∆ψ
2
(1.45)
∆vbp = 2
(√
2− 1
)
vc1 (1.46)
we have that
∆vspr > ∆vbp ⇐⇒ 2vc1 sin
∆ψ
2
> 2
(√
2− 1
)
vc1 ⇐⇒ ∆ψ > 48.9396 degrees
If we compare the simple plane rotation with a rotation in a bielliptic transfer (for
different radii r3) between the same orbit, we see when it is better to perform the bielliptic
transfer.
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Figure 1.10: Comparison between three impulse plane rotation for different strategies.
1.2 Transfers between LEO and GEO
If we compare a Hohmann transfer between a LEO orbit of 14000 km and eccentricity
0 and a GEO orbit with a bielliptic transfer between the two orbits for different r3, we
have that it is always better to perform a Hohmann transfer, as we can see in figure 1.11.
We actually knew this fact as we know that it is better to perform a bielliptic transfer if
r2/r1 > 15.58, and in this case r2/r1 ≃ 3.
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Figure 1.11: Comparison between a Hohmann transfer (green) and a bielliptic transfer
(red) between a LEO of a1 = 14000 Km and e1 = 0.0 and a GEO.
Now if we consider that a circular LEO of 14000 km of radi is inclined with respect the
equator an angle ψ, we can compute a non-coplanar Hohmann transfer with the rotation
at the outside orbita, or a bielliptic transfer with a plane change in the second manoeuvre
between both circular orbits. Then we will see that depending on the angle of inclination,
some times it is better to perform a bielliptic transfer instead of a direct Hohmann transfer.
This is because the cost of a plane change is very expensive.
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Figure 1.12: Comparison between a Hohmann transfers (green) and a bielliptic transfers
(red) between a circular LEO of r = 14000 Km and a GEO for different inclinations
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Chapter 2
Planar LEO-GEO transfer
considering Lyapunov orbits of the
Sun - Earth system
The aim of this project is to find a range of suitable initial conditions on a LEO orbit and
suitable final conditions on the GEO orbit, and trajectories that go near the equilibrium
point L1 of the RTBP that join these two points with reasonable increments of velocity.
To simplify the problem, and in order to get a little bit of intuition of what happens, first
of all we are going to work in two dimensions, i.e. we are going to consider a LEO orbit
and a geosynchronous 1 orbit in the ecliptic plane Z = 0.
In this chapter, we will divide the problem in three parts. The first one is finding
suitable initial conditions on the geosynchronous orbit around the Earth that integrated
backwards some time arrive near the point L1. The second one is the same but with initial
conditions on the LEO orbit and integrated forwards. The last part will be trying to find
a good way to join the two trajectories using Lyapunov orbits.
2.1 The model
To make the calculations we are going to use the planar circular restricted three body
problem (CRTBP). In this planar circular RTBP model the big primary is located at
(µ, 0) with mass 1− µ and the small one at (µ− 1, 0) with mass µ. The parameter µ for
the Sun-Earth+Moon problem is µ = 3.040423398444176 · 10−6.
2.2 Arriving to a planar geosynchronous orbit
What we want to do is to integrate backwards an initial position on the geosynchronous
orbit with an excess velocity to leave it until it approximates the equilibrium point L1,
which is the one that lies between the primaries, of the Sun - Earth+Moon planar circular
RTBP. We integrate backwards because we want to arrive to the geosynchronous orbit
coming from a point near L1 and the vector field is autonomous.
1In the planar problem the orbit that has the same period than the Earth is called only geosynchronous
because it is not in the equator plane.
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2.2.1 Placing the spacecraft in the geosynchronous orbit
To give the position of a satellite in a circular orbit around the Earth we only have to
know the radius or period and three angles: the inclination of the orbit with respect to
the ecliptic plane i, the angle from the positive X axis (line from small to big primary) of
the RTBP where the ascending node of the orbit is located in the ecliptic plane (Z = 0),
Ω, and the anticlockwise angle from the line of nodes provided by Ω where the satellite is
located (true longitude), ω. If the orbit is equatorial, then Ω is the right ascension of the
Sun.
To compute the coordinates of the position and velocity of the spacecraft in the sideral
reference we use spherical trigonometry. We call ~UR the unitary vector of the position
and ~UC the unitary vector of the angular momentum.
line of nodes
x
y
z
90
90−i
180−i
a
i
i
b
c
UR
UC
Omega
omega
Figure 2.1: Unitary position vector.
Then
UR = (cos a, cos b, cos c)
cos a = cosΩ cosω + sinΩ sinω cos(π − i) = cos Ω cosω − sinΩ sinω cos i
cos b = cos
(π
2
− Ω
)
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(π
2
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)
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Figure 2.2: Unitary angular momentum vector.
The unitary velocity vector ~UV is ~UV = ~UC × ~UR.
Once we have the position and velocity vectors, and the radius r and velocity v on the
orbit, we only have to change coordinates and we will have the initial condition on the
geosynchronous orbit:
x = r · UR1 + µ− 1 x˙ = v · UV1 + r · UR2
y = r · UR2 y˙ = v · UV2 − r · UR1
z = r · UR3 z˙ = v · UV3
Because we are working with the planar problem we know that i = 0, z = 0 and z˙ = 0.
To calculate the velocity and the radius of a geosynchronous orbit, taking into account
the parameter µ of the Sun-Earth+Moon, we consider a two-body problem around the
Earth. Fixing the period of the circular orbit performed by the spacecraft around the
Earth as 23 hours 56 minutes, we have
r =
3
√
P 2µ
4π2
= 42335.489 km, (2.1)
v =
√
µ
r
= 3.087 km/s. (2.2)
If we integrate the circular planar RTBP vector field with the initial condition the
position of the spacecraft with ω = 0 and different angles Ω an entire period, we can see
how the radius that we have calculated of the geosynchronous orbit is nearly conserved
(the variations are due to the influence of the Sun).
28 Planar LEO-GEO transfer considering Lyapunov orbits of the Sun - Earth system
 42330
 42332
 42334
 42336
 42338
 42340
 0  0.002  0.004  0.006  0.008  0.01  0.012  0.014  0.016
R
ad
iu
s 
 (k
m
)
t (rtbp time units)
Omega=0 degrees and omega=0 degrees
 42330
 42332
 42334
 42336
 42338
 42340
 0  0.002  0.004  0.006  0.008  0.01  0.012  0.014  0.016
R
ad
iu
s 
 (k
m
)
t (rtbp time units)
Omega=90 degrees and omega=0 degrees
 42330
 42332
 42334
 42336
 42338
 42340
 0  0.002  0.004  0.006  0.008  0.01  0.012  0.014  0.016
R
ad
iu
s 
 (k
m
)
t (rtbp time units)
Omega=180 degrees and omega=0 degrees
 42330
 42332
 42334
 42336
 42338
 42340
 0  0.002  0.004  0.006  0.008  0.01  0.012  0.014  0.016
R
ad
iu
s 
 (k
m
)
t (rtbp time units)
Omega=270 degrees and omega=0 degrees
Figure 2.3: Integration of the initial condition in a geosynchronous orbit considering the
planar problem with Ω = 0, Ω = 90, Ω = 180 and Ω = 270 degrees.
2.2.2 The backward integration towards the libration zone
We start integrating backwards the initial condition on the geosynchronous orbit with an
excess velocity, in the planar circular RTBP vector field, a maximum of 150 days. Our
aim is to arrive near the equilibrium point L1 for the Sun-Earth+Moon RTBP problem.
In order to know whether the spacecraft is near the libration point, we use a Poincare´
section with equation x = x−, and we stop integrating when we are just on the section.
We make these calculations starting from different points on the geosynchronous orbit, ie,
using different angles ω, and using different excess velocities ∆v, and then, we select the
pairs (ω,∆v) that take the spacecraft to the desired section with less than 150 days. We
perform these calculations for different angles Ω.
The Sun-Earth+Moon L1 equilibrium point is located at (−0.98998598, 0) in RTBP
units. We have placed the Poincare´ section 400,000 km on the left of L1. Using RTBP
units the section has equation
x = −0.99265981 = x−. (2.3)
Integrating the RTBP equations it is possible to plot the pairs (ω,∆v) for ω ∈ [0, 360]
degrees and ∆v ∈ [0, 2] km/s that make the spacecraft cut the Poincare´ section with less
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Figure 2.4: Pairs (ω,∆v). In green the pairs that make the spacecraft cut the Poincare´
section with less than 150 days, in red the ones that not cut the section, and in blue the
ones that the integration is not possible because they go too close to one of the primaries.
than 150 days. In figure 2.4 it is shown the different behavior of the pairs (ω,∆v) after
integrating 150 days for the case Ω = 0 degrees.
Now we can plot the pairs (ω,∆v) that allow the spacecraft reach the Poincare´ section
with less than 150 days for different values of Ω.
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Figure 2.5: Initial conditions (ω,∆v) that arrive to the Poincare´ section x=x− with less
than 150 days for different angles Ω.
Observing the different behavior of the pairs (ω,∆v) in figure 2.5, we can point out
that the results are nearly the same but displaced an angle Ω and that the minimum
excess velocity that allow the spacecraft to reach the section seems to be approximately
∆v = 1.20 km/s.
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Once we have reached the Poincare´ section we want to know which is the behavior of
the coordinates y and y˙ on the section. For this reason we have plotted y versus y˙ in figure
2.6 in RTBP coordinates. We only plot the case Ω = 0 degrees because the other cases
have similar results.
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Figure 2.6: Coordinates y and y˙ of the spacecraft when it reaches the Poincare´ section for
the values (ω,∆v) calculated and for Ω = 0 degrees.
In figures 2.7 and 2.8 we plot different trajectories performed by the satellite depending
on the initial condition (ω,∆v) and for Ω = 0.
Not all the pairs (ω,∆v) for different angles Ω that make the spacecraft arrive to the
Poincare´ section are suitable. As we can see in figures 2.7 and 2.8 depending on the
initial condition, the orbit of the spacecraft may go very far away before reaching the
desired section or can make loops. We want to avoid these kind of trajectories because
they can be too complex or they may need a time of flight too big. We want to avoid
also the trajectories that reach the section very quickly because they use an increment
of velocity much bigger than the minimum increment of velocity required to reach the
Poincare´ section. To avoid these kind of trajectories we will filter our data in order to
select among all the initial conditions that we have calculated, the ones that go to the
section straight forward but without needing a lot of velocity. From the list of suitable
initial conditions that we have, we have excluded the pairs (ω,∆v) such that
• if at any time the coordinate x is less than -1.005 in RTBP units,
• if at any time the coordinate y is grater than 0.01 or lower than -0.01 in RTBP units,
• if after 3 days the trajectory keeps going to the left, or it changes and starts to go
to the left,
• they arrive to the section with less than 10 days with ∆v > 1.3 km/s.
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Figure 2.7: Different trajectories for different initial conditions, arriving to the Poincare´
section defined by the vertical line, with Ω = 0.
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Figure 2.8: Different trajectories for different initial conditions, arriving to the Poincare´
section defined by the vertical line, with Ω = 0.
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We can now plot the filtered initial conditions:
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Figure 2.9: Filtered pairs (ω,∆v) that go to the Poincare´ section straight forward for
different values of Ω.
As we did before we can plot the coordinates y versus y˙ of the spacecraft on the Poincare´
section but this time after having filtered our data.
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Figure 2.10: Filtered coordinates y and y˙ of the spacecraft when it reaches the Poincare´
section, with Ω = 0.
2.2.3 Near libration zone study
Once we have selected the suitable initial conditions that make the spacecraft leave the
geosynchronous orbit and cut the Poincare´ section defined by equation (2.3), we want to
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select the pairs (ω,∆v), for different angles Ω, that make the spacecraft remain near the
point L1 a considerably amount of time. In order to know whether the spacecraft is near
the libration point, we use another Poincare´ section with equation x = x+. We place this
section 400.000 km on the right of the point L1. In RTBP coordinates it has equation
x = −0.98731214 = x+. (2.4)
The suitable initial conditions we have calculated are integrated until the spacecraft
leaves the region defined by the Poincare´ sections x > x− or x < x+, and then we select
the initial conditions that make the spacecraft remain in this region a certain amount of
time.
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Figure 2.11: Initial conditions that make the spacecraft remain in the region defined by
the two Poincare´ sections more than 15 days (red), 30 days (green), 60 days (dark blue),
90 days (purple), 120 days (light blue) and 150 days (black).
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Figure 2.12: Different trajectories for different initial angles and with different excess
velocities that stay in the region near L1 defined by the vertical lines a significantly amount
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Figure 2.13: Different trajectories for different initial angles and with different excess
velocities that stay in the region near L1 defined by the vertical lines a significantly amount
of time.
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2.2.4 Integration with fixed energy
We could have made the same integration as we have done, but instead of increasing the
excess velocity that we give to the spacecraft to leave the geosynchronous orbit, increas-
ing the Jacobi constant for each initial condition, computing the desired excess velocity
required to achieve the Jacobi constant. Then we will have the suitable initial conditions
with fixed energy.
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Figure 2.14: ω and Jacobi constant that allow the spacecraft reach the Poincare´ section
with less than 150 days, for Ω = 0 degrees.
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Figure 2.15: Coordinates y and y˙ of the spacecraft when it reaches the Poincare´ section
calculated with fixed Jacobi constant.
Observing the plots we can see that there is not a significant difference between inte-
grating with fixed energy or what we did before because the influence of the Sun is much
less important than the influence of the velocity in the calculation of the Jacobi constant.
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2.3 Leaving a planar elliptical orbit
We consider a planar elliptical orbit in the ecliptic plane. To place an spacecraft on an
elliptical orbit we need to know three angles, the inclination of the orbit with respect to
the ecliptic plane i, the angle from the positive X axis (line from small to big primary) of
the RTBP where the ascending node of the orbit is located in the ecliptic plane (Z = 0),
Ω, and the anticlockwise angle from the line of nodes provided by Ω where the satellite is
located (true longitude), ω. In this case, i = 0.
To start with, in this chapter, we will study the case of a planar elliptical orbit of
eccentricity 0.26 and semi-major axis 12000 km.
2.3.1 Placing the spacecraft in an elliptical orbit
To place the spacecraft in an elliptical orbit, first of all we place it in a circular orbit of
radius r = a(1 − e), the distance of perigee. We calculate the initial coordinates like we
did it in the case of the geosynchronous orbit, but with the radius of the circular orbit
r = a(1 − e). Then, for a point of this circumference, ω, we add the velocity increment
∆v1 which is the difference between the velocity on an elliptical orbit at perigee and the
velocity to remain in a circular orbit
ve =
√
µ
(
2
r
− 1
a
)
(2.5)
vc =
√
µ
r
(2.6)
where r is the distance from the Earth, in our case, as we are computing the velocity at
perigee, r is the distance at perigee, r = a(1 − e). Then, we will have the spacecraft in
the perigee of an elliptical orbit. Changing the initial angles we will have different ellipses
with their periapsis in a circle.
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Figure 2.16: Elliptical orbits around the Earth with their periapsis in a circumference with
a = 12000 km and e = 0.7.
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2.3.2 The forward integration towards the libration zone
We are going to integrate the initial condition on the periapsis of the elliptical orbit with
an excess velocity ∆v2 to allow the spacecraft leave the orbit, a maximum of 200 days in
the RTBP vector field. Our aim is to arrive with less than 200 days near the equilibrium
point L1 of the Sun-Earth+Moon problem. From now on we will call ∆v2 as ∆v.
We can now plot the points (ω,∆v) for different values of Ω, that arrive to the Poincare´
section which has equation x = −0.99265981 = x− in RTBP units.
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Figure 2.17: Pairs (ω,∆v) that arrive to the Poincare´ section with less than 200 days for
different values of Ω, leaving an elliptical orbit with a = 12000 km and e = 0.26.
In figure 2.18 we can see some of the trajectories that leave the orbit and approach the
equilibrium point L1.
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Figure 2.18: Trajectories leaving the planar LEO with a = 12000 km and e = 0.26 for
Ω = 0 degrees.
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If we filter the data in the same way we did it in the case of the geosynchronous orbit,
i.e., we reject the initial conditions such that
• if at any time the coordinate x is less than -1.005 in RTBP units,
• if at any time the coordinate y is grater than 0.01 or lower than -0.01 in RTBP units,
• if after 3 days the trajectory keeps going to the left, or it changes and starts to go
to the left,
• they arrive to the section with less than 10 days with ∆v > 1.95 km/s.
we have the following suitable initial conditions.
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Figure 2.19: Filtered pairs (ω,∆v) that arrive to the Poincare´ section with less than 200
days for different values of Ω.
Observing the figures 2.17 and 2.19 we can see that the plots are very similar and that
the initial conditions seem to be displaced and angle Ω in each plot.
Once we have reached the Poincare´ section we want to know which is the behavior of the
coordinates y and y˙ on the section. We plot y versus y˙ in figure 2.20 in RTBP coordinates.
As in the case of the geosynchronous orbit, we only plot the case Ω = 0 degrees because
the other cases have similar results.
2.3.3 Near Libration zone study
As we did before, in the case of the GEO orbit, once we have selected the suitable initial
conditions that make the spacecraft leave the LEO orbit and cut the Poincare´ section
defined by equation (2.3), we want to select the pairs (ω,∆v), for different angles Ω, that
make the spacecraft remain near the point L1 a considerably amount of time. Using the
same Poincare´ sections, we integrate the filtered initial conditions until the spacecraft
leaves the region defined by the Poincare´ sections x > x− or x < x+ and then, we select
the initial conditions that make the spacecraft remain in this region a certain amount of
time.
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Figure 2.20: Coordinates y vs y˙ on the Poincare´ section, and filtered coordinates y vs y˙
on the Poincare´ section, for Ω = 0.
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Figure 2.21: Initial conditions that make the spacecraft remain in the region defined by
the two Poincare´ sections more than 15 days (red), 30 days (green), 60 days (dark blue),
90 days (purple), 120 days (light blue) and 150 days (black).
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2.4 Relating trajectories with Lyapunov orbits and mani-
folds
In the planar restricted three body problem, for each energy level of the Jacobi constant,
there exists only one planar periodic motion in the neighborhood of Li (i = 1, 2): the
planar Lyapunov orbit.
First of all, in this section, what we are going to do is to compute the family of Lya-
punov orbits around the equilibrium point L1. Once we have this family, we will select
the Lyapunov orbits that have the same Jacobi constant as the Jacobi constant of the
trajectories we have just computed leaving the GEO orbit and the elliptical orbit, and
that remain near libration a considerably amount of time.
Suppose we can find an intersection between a stable manifold and an unstable manifold
of different Lyapunov orbits of the family, then, we would have found a trajectory that
asymptotically connects the two orbits with zero cost. So, if we find Lyapunov orbits which
are very similar to our trajectories and with the same Jacobi constant, it may be possible
to find the orbit that connects the trajectories leaving the elliptical and geosynchronous
orbits with two little manoeuvres of cheap cost.
To find these trajectories that join the elliptical orbit and the GEO orbit we will study
the Lyapunov orbits that have the same Jacobi constant to the trajectories which remain
near the equilibrium point L1 more than 90 days.
2.4.1 Lyapunov Orbits
Finding symmetric periodic orbits
We want to find a family of Lyapunov periodic orbits around the equilibrium point L1. In
order to do so, first we want to compute a symmetric periodic orbit which will generate
the rest of the family.
The equations of the RTBP are
X¨ − 2Y˙ = ΩX (2.7)
Y¨ + 2X˙ = ΩY (2.8)
Z¨ = ΩZ (2.9)
where
Ω(X,Y,Z) =
1
2
(
X2 + Y 2
)
+
1− µ
R1
+
µ
R2
+
1
2
(1− µ)µ (2.10)
and
R21 = (X − µ)2 + Y 2 + Z2, R22 = (X − µ+ 1)2 + Y 2 + Z2.
Following [6], we change coordinates in order to center the equations at the equilibrium
point Li with i = 1, 2, 3. Let the positive direction of x be as the direction X opposite to
the big primary, the positive direction y making an angle of 90 degrees in anticlockwise
direction, and the positive direction z completing the orthogonal direct reference. We
normalize distances in order to have dist(Li,nearest primary) = 1.
Now we will only do the case i = 1. Let γ be equal to the distance between L1 and the
smallest primary, i.e., in our case the distance between the Earth and L1. Then, we will
2.4 Relating trajectories with Lyapunov orbits and manifolds 43
have
x = −1
γ
(X − µ+ 1− γ) (2.11)
y = −1
γ
Y (2.12)
z =
1
γ
Z (2.13)
so the equations of motion in our new coordinates will be
x¨− 2y˙ = 1
γ2
Ωx (2.14)
y¨ + 2x˙ =
1
γ2
Ωy (2.15)
z¨ =
1
γ2
Ωz (2.16)
To expand these equations we use the Legendre Polynomials:
1√
(x−A)2 + (y −B)2 + (z − C)2 =
=
1√
A2 +B2 + C2
∞∑
n=0
(
ρ√
A2 +B2 +C2
)n
· Pn
(
Ax+By +Cz
ρ
√
A2 +B2 + C2
)
where ρ = x2 + y2 + z2.
We have that
r21 = γ
2
((
x− a
γ
)2
+ y2 + z2
)
(2.17)
r22 = γ
2
((
x− a+ 1
γ
)2
+ y2 + z2
)
(2.18)
where a = −1 + γ in the case of the equilibrium point L1. Then
1− µ
r1
=
1− µ
γ
1√(
x− a
γ
)2
+ y2 + z2
= (2.19)
=
1− µ
|a|
∞∑
n=0
(
γ
|a|
)n(
+
a
|a|
)n
ρnPn
(
x
ρ
)
µ
r2
=
µ
|1 + a|
∞∑
n=0
(
γ
|1 + a|
)n (
+
a+ 1
|1 + a|
)n
ρnPn
(
x
ρ
)
(2.20)
Ω(x, y, z)
γ2
=
1
2γ2
[
(γx− (µ+ a))2 + γ2y2
]
+ (2.21)
+
∞∑
n=0
1
γ2
[
1− µ
|a|
γn
|a|n
(
a
|a|
)n
+
µ
|1 + a|
γn
|1 + a|n
(
a+ 1
|a+ 1|
)]
︸ ︷︷ ︸
cn
ρnPn
(
x
ρ
)
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For L1
cn =
1
γ3
[
µ+ (−1)n(1− µ)
(
γ
1− γ
)n+1]
. (2.22)
The recurrence of the Legendre Polynomials is such that
P0(α) = 1
P1(α) = α
...
Pn+1(α) =
2n+ 1
n+ 1
αPn(α) − n
n+ 1
Pn−1(α).
We study the case n = 2
ρ2P2
(
x
ρ
)
= ρ2
(
3
2
(
x
ρ
)2
− 1
2
)
= x2 − 1
2
y2 − 1
2
z2.
Then
1
γ2
Ω|2 = 1
2
(x2 + y2) + c2
(
x2 − 1
2
y2 − 1
2
z2
)
and
1
γ2
Ω|1 = 0,
because we are in an equilibrium point.
If we separate the linear terms we have the following equations
x¨− 2y˙ − (1 + 2c2)x = ∂
∂x
∑
n≥3
cnρ
nPn
(
x
ρ
)
(2.23)
y¨ + 2x˙+ (c2 − 1)y = ∂
∂y
∑
n≥3
cnρ
nPn
(
x
ρ
)
(2.24)
z¨ + c2z =
∂
∂z
∑
n≥3
cnρ
nPn
(
x
ρ
)
(2.25)
We are going to apply the Lindstedt Poincare´ method to the linearized equations
x¨− 2y˙ − (1 + 2c2)x = 0 (2.26)
y¨ + 2x˙+ (c2 − 1)y = 0 (2.27)
z¨ + c2z = 0 (2.28)
Let
x = a1α cos θ (2.29)
y = b2α sin θ (2.30)
z = 0 (2.31)
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be a planar periodic solution of the linearized equations, where θ = ωt + ϕ. After some
calculations we have that
(−ω2 − 1− 2c2)a1 − 2ωb2 = 0
−2ωa1 + (c2 − 1− ω2)b2 = 0
}
( −ω2 − 1− 2c2 −2ω
−2ω c2 − 1− ω2
)
·
(
a1
b2
)
=
(
0
0
)
.
In order to have a non trivial solution we make the determinant of the system be equal to
0.
det = ω4 + (c2 − 2)ω2 − (1 + 2c2)(c2 − 1) = 0 =⇒ ω20 =
2− c2 ±
√
9c22 − 8
2
.
We simplify the solution by taking a1 = 1, then b2 =
−ω20 − 1− 2c2
2ω0
.
With this method we have found that a solution of the planar linearized problem is
x = α cos(ω0t+ ϕ) (2.32)
y = αk¯ sin(ω0t+ ϕ) (2.33)
where k¯ = b2.
As we are trying to find a good approximation of a planar symmetric periodic orbit
around the point L1, the only thing we have to do is to choose our initial conditions as
t = ϕ = 0 and
xi = α x˙i = 0,
yi = 0 y˙i = ω0αk¯,
zi = 0 z˙i = 0,
and then, change coordinates in order to have again RTBP coordinates.
Once we have this good approximation of an initial condition of a symmetric periodic
orbit, we refine it in order to make the orbit cut the x axis orthogonally again, and to
have the appropriate initial condition of the orbit. We integrate this initial condition
(xi, yi, x˙i, y˙i) until it cuts the Poincare´ section y = 0 at the point (xf , yf , x˙f , y˙f ). When
the section is cut, if x˙f = 0 then the trajectory cuts the x axis orthogonally, but if x˙f 6= 0
then we have to change the initial condition using a Newton method until the x axis is
cut orthogonally,
y˙i+1 = y˙i − x˙f∂x˙f
∂y˙i
. (2.34)
Continuation of the family of Lyapunov orbits
Once we have a Lyapunov orbit around L1 we can compute an entire family by a simple
method of continuation, i.e., adding a small ∆x to the x coordinate and refining again the
orbit as we did before.
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Figure 2.22: Symmetric periodic orbit around L1 computed with α = 0.01
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Figure 2.23: Family of Lyapunov orbits around L1. In black the orbit that has generated
the family.
2.4.2 Stable and unstable manifolds of LPO
Because the phase space near the point L1 has a saddle component, there are orbits
asymptotically approaching the Lyapunov orbit in forward time (stable manifold) and
orbits leaving it (unstable manifold).
Stable and unstable manifolds of a periodic orbit
To compute the stable and unstable manifold of the symmetric periodic orbit we have
found, we integrate an initial condition on the orbit a period, and we compute the mono-
dromy matrix and the eigenvalues and eigenvectors associated with the stable and unstable
components at this point. Then, we select a number of points on the manifold and we
transport them by the flow and we add a shift along the tangent direction to the manifold.
We integrate these points until they cut a Poincare´ section that we have previously defined.
In figure 2.24 we have plotted the stable and unstable manifolds of the symmetric
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periodic orbit that has generated all our Lyapunov family, until the manifolds cut the
section x = µ− 1. In figure 2.25 we have plotted the stable and unstable manifolds of the
symmetric periodic orbit until the manifolds cut the section we have been using before
located at 400000 km on the left of the x coordinate of the point L1.
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Figure 2.24: Stable and unstable manifold of the LPO that has generated the family.
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Figure 2.25: Stable and unstable manifold of the LPO that has generated the family.
Poincare´ section of the stable and unstable manifolds of the family
Now we are going to compute the Poincare´ section of the manifolds of the entire family.
We select the section x = x−. Then, we plot the y and y˙ coordinates of the points on the
Poincare´ section.
We can see in figure 2.26 that there are intersections between the stable and unstable
manifolds of the family.
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Figure 2.26: Coordinates y and y˙ of the manifolds when they reach the Poincare´ section.
2.4.3 Planar trajectories leaving the geosynchronous orbit with the same
Jacobi constant to a Lyapunov orbit
We have seen before, when integrating a trajectory leaving the geosynchronous orbit in the
RTBP vector field, that there are some initial conditions that make the spacecraft remain
near libration more than 90 days. For these initial conditions, what we are going to do is
to choose a Lyapunov orbit around the point L1 which has the same Jacobi constant to
compare both trajectories.
In the next table we have written the initial condition on the geosynchronous orbit for
Ω = 0 that make the trajectories remain between the Poincare´ sections more than 90 days,
i.e., the triplet (Ω, θ,∆v) (∆v is in km/s), and the coordinates x and y˙ of the Lyapunov
orbit that has the same Jacobi constant than the trajectory, the Jacobi constant and the
period (in RTBP units of time) of the orbit.
We plot in figure 2.27 some of the trajectories leaving the planar GEO orbit that are
similar to a Lyapunov orbit.
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Figure 2.27: Some trajectories leaving the GEO orbit with their Lyapunov orbit with
similar Jacobi constant.
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Ω ω ∆v x y˙ Jacobi const Period
0 82 1.235 -0.9948620986923558 0.02743309223887093 3.0000501904733345 3.451012583844094
0 88 1.230 -0.9944470687969649 0.02507584676331898 3.0000550497742726 3.371549134976244
0 89 1.230 -0.9944470706844055 0.02507585728481893 3.0000550497524475 3.371549468651313
0 95 1.225 -0.9940211895684081 0.02273721324191940 3.0000599040287429 3.301919385325424
0 96 1.225 -0.9940211824296787 0.02273717455369734 3.0000599041088633 3.301918307473723
0 102 1.220 -0.9935811043521604 0.02037524156884999 3.0000647533499902 3.240532695889228
0 103 1.220 -0.9935810879377565 0.02037515416394512 3.0000647535272833 3.240530584681203
0 104 1.220 -0.9935810703057490 0.02037506027547977 3.0000647537177275 3.240528316880716
0 110 1.215 -0.9931214737947804 0.01793863705751015 3.0000695979509616 3.186097768364879
0 111 1.215 -0.9931214469790082 0.01793849527198934 3.000069598226096 3.18609485203494
0 112 1.215 -0.9931214191037041 0.01793834788432262 3.0000695985121004 3.186091820506541
0 119 1.210 -0.9926333305003670 0.01535470619603329 3.000074437980199 3.137563234255818
0 120 1.210 -0.9926332928378609 0.01535450621769042 3.0000744383395896 3.137559825542668
0 121 1.210 -0.9926332544083620 0.01535430216665047 3.0000744387062967 3.137556347464173
0 122 1.210 -0.9926332152593162 0.01535409429483111 3.0000744390798675 3.137552804314879
0 129 1.205 -0.9920997417006958 0.01249935766432766 3.0000792734044821 3.094069304383592
0 130 1.205 -0.9920996935029494 0.01249909714784535 3.0000792738159956 3.094065794663327
0 131 1.205 -0.9920996450086106 0.01249883502765172 3.0000792742300363 3.094062263417301
0 132 1.205 -0.9920995962744223 0.01249857161043114 3.0000792746461199 3.094058714784408
0 133 1.205 -0.9920995473626125 0.01249830723254169 3.0000792750637148 3.094055153292017
0 144 1.200 -0.9914802594550630 0.009091895451542525 3.0000841055329847 3.054896783116999
0 145 1.200 -0.9914802026780626 0.009091576667898258 3.000084105929293 3.054893729837447
0 146 1.200 -0.9914801466187020 0.009091261912191430 3.0000841063205828 3.054890715246079
0 147 1.200 -0.9914800913423083 0.009090951551269377 3.0000841067063984 3.054887742851836
0 148 1.200 -0.9914800369175456 0.009090645970716533 3.0000841070862612 3.054884816343713
0 149 1.200 -0.9914799834104557 0.009090345541403264 3.0000841074597105 3.054881939267141
Table 2.1: Initial conditions on the GEO orbit and initial conditions on the Lyapunov orbit.
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Ω ω ∆v x y˙ Jacobi const Period
0 184 1.200 -0.9914790872958680 0.009085313891699856 3.0000841137128329 3.054833768115972
0 185 1.200 -0.9914790966926597 0.009085366656129855 3.000084113647274 3.054834273120899
0 186 1.200 -0.9914791081551098 0.009085431019503395 3.0000841135673032 3.054834889140056
0 188 1.285 -0.9984741451650847 0.06307094303406063 3.0000013062240793 5.436944154482721
0 189 1.270 -0.9975389652337594 0.04819299533121105 3.0000160374813442 4.514635795041475
0 189 1.275 -0.9978753702786449 0.05252856337533668 3.0000111326573778 4.786452502145721
0 189 1.280 -0.9981891703679785 0.05746446958548268 3.0000062221974295 5.09625293678459
0 190 1.260 -0.9968188551558416 0.04094264011970657 3.0000258300850345 4.082302882304377
0 190 1.265 -0.9971854050923443 0.04436302969276720 3.0000209365329551 4.281072594457429
0 190 1.270 -0.9975389748571677 0.04819310849781852 3.0000160373449221 4.514642817344894
0 190 1.275 -0.9978753793448691 0.05252869184708647 3.0000111325209363 4.786460601299972
0 190 1.280 -0.9981891787108406 0.05746461573695289 3.0000062220609938 5.096262021169834
0 191 1.260 -0.9968188665785949 0.04094273977625666 3.0000258299348437 4.082308500066754
0 191 1.265 -0.9971854161550855 0.04436314042571952 3.000020936382761 4.281079202522395
0 191 1.270 -0.9975389854509396 0.04819323307606233 3.0000160371947438 4.51465054778609
0 191 1.275 -0.9978753893241170 0.05252883325755912 3.0000111323707539 4.786469516138822
0 192 1.255 -0.9964422879482977 0.03784656449291902 3.0000307176872176 3.913558018869222
0 192 1.260 -0.9968188790329852 0.04094284843364903 3.0000258297710884 4.082314625231625
0 192 1.265 -0.9971854282162047 0.04436326115255406 3.0000209362190122 4.281086406988321
0 192 1.270 -0.9975389970024390 0.04819336891753045 3.0000160370309885 4.514658977139895
0 193 1.255 -0.9964423017579787 0.03784667178559030 3.000030717510111 3.913563652483418
0 193 1.260 -0.9968188925026814 0.04094296594951817 3.0000258295939833 4.082321249775181
0 193 1.265 -0.9971854412606811 0.04436339172305667 3.0000209360419126 4.281094198898713
0 194 1.250 -0.9960575514217207 0.03500223136398094 3.0000355996000255 3.770000968909764
0 194 1.255 -0.9964423165933362 0.03784678704759348 3.0000307173198502 3.913569704560498
0 194 1.260 -0.9968189069729010 0.04094309219501711 3.0000258294037226 4.082328366437875
Table 2.2: Initial conditions on the GEO orbit and initial conditions on the Lyapunov orbit.
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Ω ω ∆v x y˙ Jacobi const Period
0 194 1.265 -0.9971854552744482 0.04436353199660806 3.000209358516528 4.281102569857444
0 195 1.250 -0.9960575675973488 0.03500234544462787 3.000355993968428 3.770006484864361
0 195 1.255 -0.9964423324357738 0.03784691013454353 3.000307171166736 3.913576167522581
0 195 1.260 -0.9968189224258821 0.04094322701531152 3.00025829200540 4.082335966493867
0 196 1.245 -0.9956656227780494 0.03234940801613889 3.000404758252271 3.647318804162638
0 196 1.250 -0.9960575847804140 0.03500246663080635 3.000355991810054 3.770012344405818
0 196 1.255 -0.9964423492662182 0.03784704089835388 3.000307169008257 3.913583033597595
0 197 1.245 -0.9956656412966167 0.03234952859917838 3.000404755969783 3.647324120785139
0 197 1.250 -0.9960576029511281 0.03500259478303915 3.000355989527619 3.770018540790725
0 197 1.255 -0.9964423670636884 0.03784717917611533 3.000307166725757 3.913590294238616
0 198 1.205 -0.9920983111994731 0.01249162533085045 3.000792856160186 3.093965167698854
0 198 1.245 -0.9956656607991372 0.03234965558964151 3.000404753566016 3.647329719941538
0 198 1.250 -0.9960576220880339 0.03500272975008707 3.000355987123818 3.770025066711145
0 198 1.255 -0.9964423858062499 0.03784732479752432 3.000307164322047 3.913597940504103
0 199 1.245 -0.9956656812634384 0.03234978884320904 3.000404751043703 3.647335595275753
Table 2.3: Initial conditions on the GEO orbit and initial conditions on the Lyapunov orbit.
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Once we have for each trajectory the Lyapunov orbit that has the same energy, we
compute the required ∆vL to inject the trajectory into the Lyapunov orbit. It is easy to
see that when the intersection point between the trajectory and the orbit is nearly tangent,
the required ∆vL is smaller. In the examples we plotted before, this corresponds to the
cases ω = 119 and ∆v = 1.21 km/s, ω = 130 and ∆v = 1.205 km/s and ω = 186 and
∆v = 1.20 km/s. In table 2.4, we write the initial condition on the GEO orbit and the
approximate ∆vL required to inject the trajectory into the Lyapunov orbit.
Ω ω ∆v (km/s) ∆vL (m/s) Ω ω ∆v (km/s) ∆vL (m/s)
0 82 1.235 76.9 0 190 1.265 551.5
0 88 1.230 56.3 0 190 1.270 547.2
0 89 1.230 92.6 0 190 1.275 535.6
0 95 1.225 61.5 0 190 1.280 515.4
0 96 1.225 95.3 0 191 1.260 538.2
0 102 1.220 43.7 0 191 1.265 539.4
0 103 1.220 82.6 0 191 1.270 533.2
0 104 1.220 109.3 0 191 1.275 520.8
0 110 1.215 40.8 0 192 1.255 521.0
0 111 1.215 78.7 0 192 1.260 526.8
0 112 1.215 104.5 0 192 1.265 527.0
0 119 1.210 37.1 0 192 1.270 520.3
0 120 1.210 73.2 0 193 1.255 510.2
0 121 1.210 97.3 0 193 1.260 515.2
0 122 1.210 477.0 0 193 1.265 514.3
0 129 1.205 457.1 0 194 1.250 490.3
0 130 1.205 44.5 0 194 1.255 499.6
0 131 1.205 72.3 0 194 1.260 503.6
0 132 1.205 472.6 0 194 1.265 501.6
0 133 1.205 108.8 0 195 1.250 480.2
0 144 1.200 50.1 0 195 1.255 488.7
0 145 1.200 89.9 0 195 1.260 491.9
0 146 1.200 63.6 0 196 1.245 457.2
0 147 1.200 77.2 0 196 1.250 470.1
0 148 1.200 88.6 0 196 1.255 477.8
0 149 1.200 98.3 0 197 1.245 447.7
0 184 1.200 76.8 0 197 1.250 459.8
0 185 1.200 57.8 0 197 1.255 466.8
0 186 1.200 23.6 0 198 1.205 101.9
0 188 1.285 522.8 0 198 1.245 438.5
0 189 1.270 560.4 0 198 1.250 499.7
0 189 1.275 550.4 0 198 1.255 455.9
0 189 1.280 531.9 0 199 1.245 429.0
0 190 1.260 549.4
Table 2.4: Required ∆vL to inject the trajectories in the Lyapunov orbits.
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2.4.4 Planar trajectories leaving the LEO orbit with the same Jacobi
constant to a Lyapunov orbit
We do the same as we did in the case of the geosynchronous orbit, we select the trajectories
that remain near libration more than 90 days for the case of Ω = 0, and we calculate the
Lyapunov orbit that has the same Jacobi constant.
We plot in figure 2.28 some of the trajectories leaving the planar LEO orbit that are
similar to a Lyapunov orbit.
-0.01
-0.005
 0
 0.005
 0.01
-1.002 -1 -0.998 -0.996 -0.994 -0.992 -0.99 -0.988 -0.986
omega=178 Delv=1.93 km/s
-0.01
-0.005
 0
 0.005
 0.01
-1.002 -1 -0.998 -0.996 -0.994 -0.992 -0.99 -0.988 -0.986
omega=179 Delv=1.93 km/s
-0.01
-0.005
 0
 0.005
 0.01
-1.002 -1 -0.998 -0.996 -0.994 -0.992 -0.99 -0.988 -0.986
omega=180 Delv=1.93 km/s
-0.015
-0.01
-0.005
 0
 0.005
 0.01
 0.015
-1.002 -1 -0.998 -0.996 -0.994 -0.992 -0.99 -0.988 -0.986
omega=235 Delv=1.935 km/s
-0.015
-0.01
-0.005
 0
 0.005
 0.01
 0.015
-1.002 -1 -0.998 -0.996 -0.994 -0.992 -0.99 -0.988 -0.986
omega=236 Delv=1.935 km/s
-0.015
-0.01
-0.005
 0
 0.005
 0.01
 0.015
-1.002 -1 -0.998 -0.996 -0.994 -0.992 -0.99 -0.988 -0.986
omega=237 Delv=1.935 km/s
Figure 2.28: Some trajectories leaving the planar elliptical orbit with their Lyapunov orbit
with similar Jacobi constant.
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Ω ω ∆v x y˙ Jacobi const Period
0 156 1.95 -0.9958471961105828 0.03355219084304813 3.000382282050206 3.701539542561355
0 157 1.95 -0.9958471950461631 0.03355218366644625 3.000382282182537 3.701539212013105
0 158 1.95 -0.9958471939480071 0.03355217626238403 3.000382282319062 3.701538870988681
0 159 1.95 -0.9958471929561858 0.03355216957526162 3.000382282442368 3.701538562986325
0 159 1.955 -0.9966912426450518 0.03985255771400446 3.000275002189419 4.021538046035875
0 160 1.95 -0.9958471920199160 0.03355216326268731 3.000382282558767 3.701538272234441
0 160 1.955 -0.9966912417075897 0.03985254987081321 3.000275002311559 4.021537613887694
0 161 1.95 -0.9958471910303599 0.03355215659084308 3.000382282681791 3.701537964934560
0 161 1.955 -0.9966912408601307 0.03985254278063237 3.000275002421971 4.021537223225917
0 161 1.96 -0.9974873430659381 0.04759367005809480 3.000167665804572 4.477527479632409
0 162 1.95 -0.9958471902043586 0.03355215102172509 3.000382282784481 3.701537708426946
0 162 1.955 -0.9966912400540378 0.03985253603654005 3.000275002526994 4.021536851633635
0 162 1.96 -0.9974873422840443 0.04759366109532698 3.000167665914604 4.477526925953084
0 163 1.95 -0.9958471893183953 0.03355214504832657 3.000382282894626 3.701537433297642
0 163 1.955 -0.9966912391821410 0.03985252874190385 3.000275002640592 4.021536449709926
0 163 1.96 -0.9974873415370789 0.04759365253293134 3.000167666019721 4.477526397014521
0 163 1.965 -0.9982010647678587 0.05767376748218491 3.000060273048321 5.109254074423002
0 164 1.955 -0.9966912384875084 0.03985252293033244 3.000275002731093 4.021536129499099
0 164 1.96 -0.9974873408556784 0.04759364472211688 3.000167666115611 4.477525914500174
0 164 1.965 -0.9982010641499972 0.05767375656146767 3.000060273149756 5.109253396484988
0 165 1.955 -0.9966912377609278 0.03985251685147308 3.000275002825757 4.021535794561706
0 178 1.93 -0.9918814717131307 0.01131315227477588 3.000810841203005 3.078921083609645
0 179 1.93 -0.9918814715309787 0.01131315127909637 3.000810841217659 3.078921071585194
0 180 1.93 -0.9918814714635064 0.01131315091027658 3.000810841223086 3.078921067131558
0 181 1.93 -0.9918814714773345 0.01131315098586506 3.000810841221974 3.078921068044302
0 182 1.93 -0.9918814716306377 0.01131315182385308 3.000810841209641 3.078921078163707
Table 2.5: Initial conditions on the LEO orbit and initial conditions on the Lyapunov orbit.
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Ω ω ∆v x y˙ Jacobi const Period
0 183 1.93 -0.9918814717939546 0.01131315271657812 3.000810841196504 3.078921088943597
0 184 1.93 -0.9918814720705200 0.01131315422834238 3.000810841174256 3.078921107200950
0 185 1.93 -0.9918814724586655 0.01131315635003160 3.000810841143031 3.078921132822402
0 186 1.93 -0.9918814729533840 0.01131315905426811 3.000810841103234 3.078921165479297
0 187 1.93 -0.9918814733942198 0.01131316146396957 3.000810841067771 3.078921194579664
0 188 1.93 -0.9918814739978958 0.01131316476379055 3.000810841019209 3.078921234430465
0 189 1.93 -0.9918814745908429 0.01131316800496657 3.000810840971510 3.078921273570560
0 190 1.93 -0.9918814754589249 0.01131317275008748 3.000810840901678 3.078921330875014
0 191 1.93 -0.9918814762204339 0.01131317691265951 3.000810840840419 3.078921381141521
0 192 1.93 -0.9918814771359611 0.01131318191712296 3.000810840766770 3.078921441578029
0 193 1.93 -0.9918814781053711 0.01131318721612605 3.000810840688786 3.078921505569493
0 194 1.93 -0.9918814792495418 0.01131319347040408 3.000810840596744 3.078921581099104
0 195 1.93 -0.9918814803353002 0.01131319940538946 3.000810840509401 3.078921652771233
0 196 1.93 -0.9918814814084221 0.01131320527130007 3.000810840423074 3.078921723609731
0 197 1.93 -0.9918814827047038 0.01131321235704989 3.000810840318795 3.078921809178547
0 198 1.93 -0.9918814839933563 0.01131321940109501 3.000810840215130 3.078921894244825
0 199 1.93 -0.9918814853792837 0.01131322697686301 3.000810840103640 3.078921985733109
0 200 1.93 -0.9918814868605782 0.01131323507393036 3.000810839984478 3.078922083515955
0 201 1.93 -0.9918814883309057 0.01131324311104891 3.000810839866198 3.078922180574492
0 202 1.93 -0.9918814899461914 0.01131325194053941 3.000810839736257 3.078922287201999
0 203 1.93 -0.9918814914980580 0.01131326042336323 3.000810839611417 3.078922389643861
0 204 1.93 -0.9918814931722331 0.01131326957475010 3.000810839476739 3.078922500160072
0 205 1.93 -0.9918814948683430 0.01131327884603730 3.000810839340295 3.078922612124120
0 206 1.93 -0.9918814967303919 0.01131328902438435 3.000810839190503 3.078922735040202
0 207 1.93 -0.9918814984801460 0.01131329858889966 3.000810839049744 3.078922850546191
0 208 1.93 -0.9918815003686596 0.01131330891190503 3.000810838897823 3.078922975210020
Table 2.6: Initial conditions on the LEO orbit and initial conditions on the Lyapunov orbit.
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Ω ω ∆v x y˙ Jacobi const Period
0 209 1.93 -0.9918815023337055 0.01131331965324608 3.000810838739745 3.078923104927836
0 234 1.935 -0.9930450757693932 0.01753472443096467 3.000703779488465 3.177905106963118
0 235 1.935 -0.9930450774748011 0.01753473344706114 3.000703779315220 3.177905287275287
0 236 1.935 -0.9930450791701957 0.01753474241021766 3.000703779142993 3.177905466530343
0 237 1.935 -0.9930450808651133 0.01753475137085360 3.000703778970815 3.177905645734389
0 253 1.94 -0.9940423310718596 0.02285185382810554 3.000596665564088 3.305123871941288
0 254 1.94 -0.9940423319603264 0.02285185864858459 3.000596665464210 3.305124007131564
0 255 1.94 -0.9940423328121959 0.02285186327050334 3.000596665368445 3.305124136753370
0 270 1.9450 -0.9949665407041801 0.02804225155334048 3.000489497123190 3.473090979146116
Table 2.7: Initial conditions on the LEO orbit and initial conditions on the Lyapunov orbit.
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As before, in the case of the GEO orbit, once we have for each trajectory leaving the
LEO orbit, the Lyapunov orbit that has the same energy, we compute the required ∆vL
to inject the trajectory into the Lyapunov orbit. In the examples we plotted before, the
cut that requires less increment of velocity because it is nearly tangential corresponds to
the case ω = 178 and ∆v = 1.93 km/s. In table 2.8, we write the initial condition on the
LEO orbit and the approximate ∆vL required to inject the trajectory into the Lyapunov
orbit.
Ω ω ∆v (km/s) ∆vL (m/s) Ω ω ∆v (km/s) ∆vL (m/s)
0 156 1.95 401.2 0 188 1.93 132.8
0 157 1.95 410.5 0 189 1.93 129.7
0 158 1.95 420.1 0 190 1.93 577.3
0 159 1.95 429.5 0 191 1.93 126.3
0 159 1.955 462.2 0 192 1.93 125.2
0 160 1.95 439.0 0 193 1.93 124.0
0 160 1.955 473.4 0 194 1.93 122.7
0 161 1.95 448.3 0 195 1.93 121.2
0 161 1.955 484.5 0 196 1.93 119.4
0 161 1.96 495.7 0 197 1.93 117.1
0 162 1.95 457.6 0 198 1.93 114.6
0 162 1.955 495.4 0 199 1.93 111.5
0 162 1.96 508.7 0 200 1.93 107.9
0 163 1.95 466.9 0 201 1.93 103.8
0 163 1.955 506.2 0 202 1.93 99.2
0 163 1.96 521.8 0 203 1.93 93.7
0 163 1.965 506.5 0 204 1.93 87.7
0 164 1.955 516.8 0 205 1.93 80.8
0 164 1.96 534.5 0 206 1.93 131.9
0 164 1.965 522.6 0 207 1.93 65.9
0 165 1.955 527.1 0 208 1.93 62.7
0 178 1.93 4.9 0 209 1.93 74.5
0 179 1.93 46.2 0 234 1.935 132.1
0 180 1.93 64.7 0 235 1.935 115.2
0 181 1.93 254.7 0 236 1.935 95.6
0 182 1.93 488.8 0 237 1.935 71.0
0 183 1.93 191.2 0 253 1.94 134.0
0 184 1.93 125.7 0 254 1.94 111.9
0 185 1.93 155.5 0 255 1.94 85.3
0 186 1.93 446.5 0 270 1.945 89.4
0 187 1.93 137.4
Table 2.8: Required ∆vL to inject the trajectories in the Lyapunov orbits.
2.5 Conclusions
In this chapter, we have seen that there are some initial conditions on the planar LEO and
GEO orbits, that integrated forwards (in the case of the LEO) or backwards (in the case
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of the GEO), become trajectories that approach the equilibrium point L1, remain near
libration some time, and that have the same Jacobi constant to a Lyapunov orbit around
L1. For these trajectories, we have computed the required increment of velocity to inject
them in the appropriate Lyapunov orbit.
We have seen that the trajectories that cut the Lyapunov orbit that has the same Jacobi
constant in a nearly tangent cut, are the ones that require less increment of velocity.
All the calculations have been done with a LEO orbit with eccentricity e = 0.26 and
semi-major axis a = 12000 km, but changing these two parameters, or the angle Ω (the
tables and plots have been plotted with Ω = 0) we have similar results. What we can say
is that the larger is a or e, the lower the ∆v required to leave the LEO orbit.
Studying the intersection points between the manifolds of the Lyapunov orbits and using
the two manoeuvres to inject the trajectories in the appropriate Lyapunov orbits (one for
the LEO and one for the GEO orbit), it could be possible to transfer between a planar
LEO and a planar GEO using the equilibrium point L1.
With this chapter, we can conclude that by searching for appropriate initial and final
conditions on the planar LEO and GEO orbits, it is possible to transfer from LEO to a
Lyapunov orbit, and from a Lyapunov orbit to GEO, with a small ∆v. The drawback of
this type of transfer is that the time of transfer is quite large, due to the fact that when
leaving the LEO orbit we have to wait for the appropriate Lyapunov phase, and each loop
of the Lyapunov orbit lasts about 6 months.
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Chapter 3
LEO-GEO transfer using Sun -
Earth libration point matchings
In this chapter, we consider to approach the topic of the LEO-GEO transfer in three
dimensions, generalizing some results of the previous chapter. As we did before, in the
case of the planar problem, we will divide the problem of the LEO-GEO transfer in three
parts. The first one is finding suitable initial conditions on the geostationary orbit around
the Earth, that integrated backwards some time arrive near the point L1 of the RTBP.
The second one is the same, but with initial conditions on the LEO orbit and integrated
forwards. In the last part, we will try to match the trajectories coming from the LEO and
GEO orbits with a suitable orbit obtained from the geometry of the libration point zone,
using simple optimization procedures. After all, we will have computed different transfers
from a LEO orbit to the GEO orbit using four increments of velocity.
In this chapter, we are going to work with different LEO orbits with different semi-
major axis a and different eccentricities e. But the results we plot will be of a LEO orbit
of a = 12000 km and e = 0.26.
3.1 Arriving to a Geostationary orbit
To simplify the problem, in the previous chapter we have studied the case of a geosyn-
chronous orbit around the Earth located in the ecliptical plane, but we want a geostation-
ary orbit which is in the Earth’s equatorial plane, so we have to add the z component to
our equations. The equatorial plane is inclined with respect to the ecliptical plane 23.442
degrees.
3.1.1 Placing the spacecraft in the geostationary orbit
To give the position of a satellite in a GEO orbit we only have to do the same we did
in the geosynchronous orbit, but this time with i = 23.442 degrees. Because this orbit is
equatorial we should notice that in this case Ω is the right ascension of the Sun.
As before we have that the position of a satellite on a GEO orbit is
x = r · UR1 + µ− 1 x˙ = v · UV1 + r · UR2
y = r · UR2 y˙ = v · UV2 − r · UR1
z = r · UR3 z˙ = v · UV3
(3.1)
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where
UR = (cos a, cos b, cos c)
UC = (cos d, cos e, cos f)
~UV = ~UC × ~UR
and
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3.1.2 The backward integration towards the libration zone
As in the two dimensional problem that we studied before, the problem consists in inte-
grating backwards an initial condition on the GEO orbit with an excess velocity in the
circular three dimensional RTBP vector field, a maximum of 150 days. Our aim is to
arrive near the equilibrium point L1 for the Sun-Earth+Moon problem.
Let x = x− be the same Poincare´ section that we used in the previous chapter, a vertical
surface placed 400000 km on the left of the x coordinate of the equilibrium point L1. We
integrate the initial conditions on the GEO orbit, and we stop integrating when we are
just on the section. We make these calculations starting from different points on the GEO
orbit, ie, using different angles ω, different angles Ω, and using different excess velocities
∆v, and then, for different angles Ω, we select the pairs (ω,∆v) that take the spacecraft
to the desired section with less than 150 days. In figure 3.1 we plot the pairs (ω,∆v) for
different angles Ω that arrive to the section within 150 days. As we can see, the results
we get integrating initial conditions on the GEO orbit are very similar to the planar case,
and for every Ω the results are similar but displaced and angle of Ω degrees.
Once we have reached the Poincare´ section we want to know which is the behavior of the
coordinates y and y˙ on the section. We plot y versus y˙ in figure 3.2 in RTBP coordinates
for the case Ω = 0. The other angles Ω have similar plots.
As we know, not all the pairs (ω,∆v) that make the spacecraft go to the Poincare´
section are suitable, because the spacecraft may go very far away before reaching the
desired section or can make loops. To avoid these kind of trajectories we filter our data
in order to select among all the pairs (ω,∆v) that we have calculated, the ones that go to
the section straight forward. We exclude from the list of initial conditions that we have,
the ones such that
• if at any time the coordinate x is less than -1.005 in RTBP units,
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Figure 3.1: Pairs (ω,∆v) for different Ω that allow the spacecraft leave the GEO orbit
and reach the Poincare´ section with less than 150 days.
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Figure 3.2: Coordinates y and y˙ of the spacecraft when it reaches the Poincare´ section.
• if at any time the coordinate y is grater than 0.01 or lower than -0.01 in RTBP units,
• if after 3 days the trajectory keeps going to the left, or it changes and starts to go
to the left,
• they arrive to the section with less than 10 days.
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Figure 3.3: Filtered initial conditions that cut the Poincare´ section with less than 150
days.
We can now plot the behavior of the coordinates y and y˙ on the Poincare´ section for
the filtered data. We plot y versus y˙ in figure 3.4 in RTBP coordinates for the case Ω = 0.
The other cases have similar results.
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Figure 3.4: Coordinates y and y˙ of the spacecraft when it reaches the Poincare´ section
with suitable initial conditions.
3.1.3 Near libration zone study and suitable initial conditions
Once we have our data filtered, we want to select for each Ω the pairs (ω,∆v) that allow
the spacecraft remain near libration more than 60 days. As before, we define near libration
with two Poincare´ sections with equation x = −0.99265981 = x− and x = −0.98731214 =
x+ in RTBP coordinates.
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Figure 3.5: On the left, pairs (ω,∆v) that allow the spacecraft remain near libration,
more than 60 days. On the right Jacobi constant of the initial conditions that remain near
libration more than 60 days. In red Ω = 0, in green Ω = 60, in blue Ω = 120, in purple
Ω = 180, in light blue Ω = 240 and in yellow Ω = 300 degrees.
Observing all the different plots of the chapter we can see that the behavior of the initial
conditions (ω,∆v) for different Ω is very similar but displaced an angle of Ω degrees.
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3.2 Leaving from a LEO orbit
Now, we consider an elliptical Low Earth Orbit (LEO). As we did in the planar case, to
place an spacecraft on an elliptical orbit we need to know three angles, the inclination of
the orbit with respect to the ecliptic plane i, the angle from the positive X axis (line from
small to big primary) of the RTBP where the ascending node of the orbit is located in the
ecliptic plane (Z = 0), Ω, and the anticlockwise angle from the line of nodes provided by
Ω where the satellite is located (true longitude), ω. If the orbit is equatorial, then Ω is
the right ascension of the Sun.
To start with, we will study the case of an equatorial elliptical orbit (i = 23.442 degrees)
of eccentricity 0.26 and semi-major axis 12000 km.
3.2.1 Placing the spacecraft in a LEO orbit
To place the spacecraft in a LEO orbit we do the same that we did in the planar case but
this time with i = 23.442.
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Figure 3.6: Equatorial elliptical orbits around the Earth with their periapsis in a circum-
ference.
3.2.2 The forward integration towards the libration zone
The problem consists in integrating the initial condition on the periapsis of the LEO orbit
with an excess velocity ∆v to allow the spacecraft leave the orbit, a maximum of 200 days
in the RTBP vector field. Our aim is to arrive with less than 200 days near the equilibrium
point L1 of the Sun-Earth+Moon problem.
In figure 3.7 we plot the initial conditions on the elliptical orbit, (ω,∆v), that arrive to
the Poincare´ section with equation x = −0.99265981 = x−. We can see that the plots are
very similar because the initial conditions seem to be displaced an angle Ω in each plot.
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Figure 3.7: Pairs (ω,∆v) that arrive to the Poincare´ section with less than 200 days for
different values of the right ascension of the Sun.
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Once we have reached the Poincare´ section we want to know which is the behavior of the
coordinates y and y˙ on the section. We plot y versus y˙ in figure 3.8 in RTBP coordinates.
As the plots are very similar for different Ω, we only plot the case Ω = 0.
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Figure 3.8: Coordinates y vs y˙ on the Poincare´ section.
As we have done in the case of the GEO orbit, we filter our data to reject the ini-
tial conditions that are not suitable. In figure 3.9 we plot the initial conditions that go
straightforward to the Poincare´ section.
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Figure 3.9: Suitable initial conditions for different angles Ω.
We can plot again the behavior of the coordinates y and y˙ on the section of our data.
We only plot the case Ω = 0 degrees. The others are very similar.
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Figure 3.10: Suitable coordinates y vs y˙ on the Poincare´ section.
3.2.3 Near Libration zone study and suitable initial conditions
As we did in the case of the GEO orbit, once we have our data filtered, we want to select
for each Ω the pairs (ω,∆v) that allow the spacecraft remain near libration more than
60 days. As before, we define near libration with two Poincare´ sections with equation
x = −0.99265981 = x− and x = −0.98731214 = x+ in RTBP coordinates.
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Figure 3.11: On the left, pairs (ω,∆v) that allow the spacecraft leave the LEO orbit and
remain near libration, more than 60 days, and on the right their Jacobi constant. In red
Ω = 0, in green Ω = 60, in dark blue Ω = 120, in purple Ω = 180, in light blue Ω = 240
and in yellow Ω = 300 degrees.
As it happened in the case of the GEO orbit, observing all the different plots of the
chapter we can see that the behavior of the initial conditions (ω,∆v) for different Ω is
very similar but displaced an angle of Ω degrees.
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3.3 Matching trajectories by means of linear equations
Once we have some suitable initial conditions on the LEO and GEO orbit which integrated
arrive with less than 150 days (for the case of the GEO orbit) or 200 days (for the case of
the LEO) to the Poincare´ section x = x−, and that their trajectories remain near libration
some time, what we want to do is to join these trajectories with two little manoeuvres in
order to have a trajectory that goes from a LEO orbit to a GEO orbit, without wasting a
lot of energy.
3.3.1 The linearized equations of the RTBP about L1
Using coordinates centered at the equilibrium point L1 and with normalized distances, in
order to have the distance between L1 and the nearest primary equal to 1, we have that
the linearized equations of the RTBP model are
x¨− 2y˙ − (1 + c2)x = 0
y¨ + 2x˙+ (c2 − 1)y = 0
z¨ + c2z = 0

 (3.2)
where
c2 =
1
γ3
(
µ+
(1− µ)γ3
(1− γ)3
)
=
1
γ3
(
µ+ (1− µ)
(
γ
1− γ
)3)
. (3.3)
The general solution of the linearized equations is:

x(t) = α1e
λ0t + α2e
−λ0t + α3 cos(ω0t+ φ1)
y(t) = k¯2α1e
λ0t − k¯2α2e−λ0t + k¯1α3 sin(ω0t+ φ1)
z(t) = α4 cos(ν0t+ φ2)
(3.4)
Here, αi and φi are arbitrary values (amplitudes and phases) and k¯i, ω0, λ0 and ν0 are
constants depending on c2 only:
λ0 =
√
c2 − 2 +
√
9c22 − 8c2
2
, ω0 =
√
2− c2 +
√
9c22 − 8c2
2
, (3.5)
ν0 =
√
c2, k¯2 =
λ20 − 1− 2c2
2λ0
, k¯1 = −ω
2
0 + 1 + 2c2
2ω0
. (3.6)
3.3.2 Calculation of trajectories in the linear vectorfield
For each pair of points (xi, yi, zi, x˙i, y˙i, z˙i) (xf , yf , zf , x˙f , y˙f , z˙f ) (the first one of the LEO
orbit and the second of the GEO orbit) on the Poincare´ section x = x−, and for different
increments of time ∆t, we compute the trajectory that joins the two positions (xi, yi, zi)
and (xf , yf , zf ) with the linearized equations of the restricted three body problem.
Assuming that at time t = 0 the initial point of the desired trajectory is (xi, yi, zi)
and after ∆t time units (in RTBP time coordinates) the final point of the trajectory is
(xf , yf , zf ), we have the following system of equations where we only have to calculate the
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coefficients αi and the angles φi.

xi = α1 + α2 + α3 cosφ1
yi = k¯2α1 − k¯2α2 + k¯1α3 sinφ1
zi = α4 cosφ2
xf = α1e
λ0∆t + α2e
−λ0∆t + α3 cos(ω0∆t+ φ1)
yf = k¯2α1e
λ0∆t − k¯2α2e−λ0∆t + k¯1α3 sin(ω0∆t+ φ1)
zf = α4 cos(ν0∆t+ φ2)
(3.7)
Once we have computed the solution of the linearized equations for different ∆t, we
calculate the ∆v between the velocity we have of the original points and the velocity of the
points as a solution of the linearized equations, which can be computed taking derivatives
with respect to time in equation (3.4). Then, we select, for each ∆t, the minimum ∆v
(in m/s), i.e., we select the initial points on the LEO and GEO orbits that minimize the
velocity increment in the two manoeuvres required to join the two trajectories.
3.3.3 Numerical results
As work examples we are going to compute the required ∆v to match in two different
cases:
• Case 1: Ω = 0 and LEO and GEO initial conditions that integrated remain near
libration more than 60 days.
Because we have seen that the initial conditions on the LEO and GEO orbits behave
in a similar way although we change the angle Ω, first of all, we are going to calculate
some of the trajectories that match the points coming from the LEO and GEO orbits
with the linearized equations with Ω = 0 in both cases.
Once we have calculated all the suitable different positions and velocities on the
Poincare´ section that we have defined as x = x−, of the trajectory leaving the LEO
orbit and the trajectory arriving to the GEO orbit with Ω = 0 degrees, we select the
ones that remain near libration more than 60 days. Then, we integrate forwards (in
the case of the LEO) or backwards (in the case of the GEO) each position 0.1, 0.2,
0.3, 0.4 and 0.5 RTBP time units (5.8, 11.16, 17.4, 22.3 and 29 days), in order to be
nearer the equilibrium point L1.
In the next table we write the minimum ∆v required to link each pair of data. The
vertical line represents the LEO orbit and the horizontal lines the GEO orbit. For
example, to join the point coming from the LEO orbit on the Poincare´ section with
the point coming from the GEO integrated for 0.3 units of time after reaching the
Poincare´ section, we need a total increment of velocity ∆v = 35.445 m/s.
0 0.1 0.2 0.3 0.4 0.5
0 76.561 61.783 47.833 35.445 36.010 72.327
0.1 76.448 67.938 51.810 41.948 39.289 74.375
0.2 82.354 78.447 58.049 50.766 45.769 77.521
0.3 88.092 81.229 59.899 56.079 50.753 79.611
Table 3.1: ∆v (m/s) required to match different points coming from the LEO and GEO
orbits with Ω = 0 degrees in both cases.
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As we can see in table 3.1 the increment of velocity increases when we integrate
forwards the points on the section coming from the LEO, and decreases until a point
where it stars increasing, when we integrate backwards the points on the section
coming from the GEO.
For these ∆v we have the initial conditions on the LEO orbit (ωi,∆vi) and ∆ti, final
conditions on the GEO orbit (ωf ,∆vf ) and ∆tf , we have the ∆t required to go from
point 1 to point 2, and the total amount of time to perform the transfer ∆T (all
times are in RTBP time units). We recall that in both orbits, LEO and GEO, we
are using Ω = 0 degrees.
ω1 ∆v1 (km/s) ∆t1 ω2 ∆v2 (km/s) ∆t2 ∆t ∆T ∆v (m/s)
208 1.93 0.285 198 1.205 1.18 2.04 3.505 76.561
207 1.93 0.283 198 1.205 1.28 1.91 3.473 61.783
192 1.93 0.277 180 1.205 0.53 2.85 3.657 47.833
196 1.93 0.274 184 1.205 0.66 2.75 3.684 35.445
200 1.93 0.275 189 1.205 0.82 2.62 3.715 36.010
201 1.93 0.275 189 1.205 0.92 2.58 3.775 72.327
205 1.93 0.380 198 1.205 1.18 1.91 3.470 76.448
204 1.93 0.378 198 1.205 1.28 1.79 3.448 67.938
193 1.93 0.376 180 1.205 0.53 2.75 3.656 51.810
196 1.93 0.374 184 1.205 0.66 2.64 3.674 41.948
200 1.93 0.375 189 1.205 0.82 2.51 3.705 39.289
201 1.93 0.375 191 1.205 0.96 2.40 3.735 74.375
201 1.93 0.475 198 1.205 1.18 1.76 3.415 82.354
194 1.93 0.475 180 1.205 0.43 2.76 3.665 78.447
193 1.93 0.476 180 1.205 0.53 2.65 3.656 58.049
196 1.93 0.474 184 1.205 0.66 2.54 3.674 50.766
199 1.93 0.474 189 1.205 0.86 2.40 3.734 45.769
201 1.93 0.475 192 1.205 0.98 2.25 3.705 77.521
197 1.93 0.574 198 1.205 1.18 1.62 3.374 88.092
194 1.93 0.575 180 1.205 0.43 2.66 3.665 81.229
194 1.93 0.575 180 1.205 0.53 2.57 3.675 59.899
196 1.93 0.574 184 1.205 0.66 2.45 3.684 56.079
199 1.93 0.574 189 1.205 0.82 2.30 3.694 50.753
200 1.93 0.575 192 1.205 0.98 2.13 3.685 79.611
Table 3.2: Initial conditions on the LEO and GEO orbit with Ω = 0 and the ∆v required
two match the trajectories with the linear equations about L1.
Now we can plot some of these different trajectories joined using the linearized equa-
tions, but at the same time we plot the trajectory computed with the RTBP vector
field using the initial point (x, y, z, x˙, y˙, z˙) calculated with the linearized equations,
and integrated ∆t units of time. Observing the different figures we can see that
although the RTBP trajectory and the linearized one start very similarly, after an
amount of time they become very different. In figure 3.12 we have plotted the tra-
jectories of the first row of table 3.1, which correspond to the positions coming from
the LEO on the Poincare´ section, against the points coming from the GEO on the
Poincare´ section and integrated 0.1, 0.2, 0.3, 0.4 and 0.5 RTBP time units.
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Figure 3.12: Trajectories (blue) that join the two trajectories (in red the orbit coming from
the LEO and in green the orbit coming from the GEO) with the linearized equations and
the trajectory integrated with the RTBP vector field with the initial condition computed
with the linearized equations (purple). The figures of the left are the xy projection of the
trajectories.
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• Case 2: Calculation of the trajectories that require minimum ∆v for different angles
Ω, and orbits that remain near libration more than 30 days and arrive to the Poincare´
section with the minimum ∆v possible.
Now we are going to do the same as we have done, but this time with initial conditions
on the GEO and LEO orbits, for different angles Ω, such that arrive to the Poincare´
section with the minimum ∆v possible to remain near libration more than 30 days
(∆v = 1.93 km/s for the LEO and ∆v = 1.2 km/s for the GEO). This time all the
positions we are joining are on the Poincare´ section x = x−.
In figures 3.13 and 3.14 we plot some of the trajectories, the first 6 rows of table 3.3.
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Figure 3.13: Trajectories (blue) that join the two trajectories (in red the orbit coming from
the LEO and in green the orbit coming from the GEO) with the linearized equations and
the trajectory integrated with the RTBP vector field with the initial condition computed
with the linearized equations (purple). The figures of the left are the xy projection of the
trajectories.
Observing the table 3.3 we can see that for an specific pair of angles (Ω1,Ω2) the
minimum ∆v of the manoeuvre is the same as the ∆v of the pair ((Ω1 + 180)
mod 360, (Ω2 + 180) mod 360).
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∆t ∆v (m/s) Ω1 ω1 ∆v1 (km/s) Ω2 ω2 ∆v2 (km/s)
3.05 136.251 0 185 1.93 0 174 1.20
0.97 349.085 0 222 1.93 60 78 1.20
0.82 162.093 0 218 1.93 120 11 1.20
0.80 110.800 0 218 1.93 180 317 1.20
3.72 206.427 0 213 1.93 240 269 1.20
3.60 92.664 0 202 1.93 300 209 1.20
3.61 92.813 60 140 1.93 0 149 1.20
3.56 206.724 60 135 1.93 60 88 1.20
3.42 108.533 60 139 1.93 120 43 1.20
0.90 255.782 60 163 1.93 180 313 1.20
0.87 274.500 60 162 1.93 240 259 1.20
0.82 86.198 60 158 1.93 300 192 1.20
3.69 170.169 120 84 1.93 0 142 1.20
3.48 176.823 120 82 1.93 60 96 1.20
3.46 237.901 120 88 1.93 120 46 1.20
2.61 330.596 120 68 1.93 180 900 1.20
1.02 363.480 120 99 1.93 240 256 1.20
0.81 223.528 120 95 1.93 300 190 1.20
0.80 110.800 180 38 1.93 0 137 1.20
3.72 206.427 180 33 1.93 60 89 1.20
3.60 92.664 180 22 1.93 120 29 1.20
3.05 136.251 180 5 1.93 180 354 1.20
0.97 349.085 180 42 1.93 240 258 1.20
0.82 162.093 180 38 1.93 300 191 1.20
0.90 255.782 240 343 1.93 0 133 1.20
0.87 274.500 240 342 1.93 60 79 1.20
0.82 86.198 240 338 1.93 120 120 1.20
3.61 92.813 240 320 1.93 180 329 1.20
3.56 206.724 240 315 1.93 240 268 1.20
3.42 108.533 240 319 1.93 300 223 1.20
2.61 330.596 300 248 1.93 0 189 1.20
1.02 363.480 300 279 1.93 60 760 1.20
0.81 223.528 300 275 1.93 120 100 1.20
3.69 170.169 300 264 1.93 180 322 1.20
3.48 176.823 300 262 1.93 240 276 1.20
3.46 237.901 300 268 1.93 300 226 1.20
Table 3.3: Initial conditions on the LEO and GEO orbit with different angles Ω and the
∆v required two match the trajectories with the linearized equations.
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Figure 3.14: Trajectories (blue) that join the two trajectories (in red the orbit coming from
the LEO and in green the orbit coming from the GEO) with the linearized equations and
the trajectory integrated with the RTBP vector field with the initial condition computed
with the linearized equations (purple). The figures of the left are the xy projection of the
trajectories.
3.4 Matching trajectories in the RTBP vectorfield
In the previous section we have matched a trajectory coming from the LEO orbit and
a trajectory coming from the GEO orbit with an orbit computed with the RTBP linear
equations about the libration zone. In this section we want to do the same, but this time
we want to match the trajectories with an orbit computed in the RTBP vectorfield.
3.4.1 Parallel shooting techniques
Because the problem may be unstable we will use a parallel shooting method. This consists
in calculating some intermedius points between the two that we want to join as a first
approximation, and our aim is to refine these points in order that the different trajectories
that go through them, match together and form a unique orbit. To perform this method
we will implement a technical variation of the techniques explained in [4], [5] and [7].
Let us call φ(x, t, t′) the flow of the equations of the RTBP from time t to t′ with initial
condition x. We consider a set of epochs tk with k = 0, . . . , n and we want to compute the
positions xk that satisfy the matching equations
φ(xk, tk+1 − tk)− xk+1 = 0. (3.8)
In order to solve these equations we will apply the Newton method.
We have our initial and final point of the desired trajectory (x0, y0, z0) and (xn, yn, zn),
and the time between them, ∆t. To compute the intermedius points we calculate, as we
did before, the trajectory that joins them with the linearized equations of the RTBP. Then,
our set of fixed times will be
tk+1 = k
∆t
n
t0 = 0 k = 0, . . . , n− 1. (3.9)
3.4 Matching trajectories in the RTBP vectorfield 77
and the points (xk, yk, zk, x˙k, y˙k, z˙k) the ones that correspond to the time tk in the trajec-
tory we have computed.
We have the following system of equations
F (x0, . . . , xn) =


F1 = φ(x0, t1 − t0)− x1 = 0
F2 = φ(x1, t2 − t1)− x2 = 0
...
...
Fn = φ(xn−1, tn − tn−1)− xn = 0
(3.10)
where F1, . . . , Fn−1 have 6 rows and Fn 3 rows, so F is a set of 6n − 3 equations. The
number of unknown variables are the three velocities of x0 and the positions and velocities
of x1, . . . , xn−1, so we have 6n− 3 unknowns.
If we apply the Newton method we will have
DF (xk)∆xk = −F (xk), xk+1 = xk +∆xk, (3.11)
so we have to compute the differential of F ,
DF =


Dφ −I 0 . . . 0
0 Dφ −I . . . 0
...
0 0 . . . 0 Dφ

 , (3.12)
where all the boxes have dimension 6× 6 except the n− 1 first boxes of the first column
that have dimension 6× 3, the n− 1 last boxes of the last row that have dimension 3× 6
and the box of the first column and last row which has dimension 3× 3.
3.4.2 Numerical results
As work examples we are going to compute the required ∆v to match in the two different
cases that we have treated in the previous section:
• Case 1: Ω = 0 and LEO and GEO initial conditions that integrated remain near
libration more than 60 days.
Once we have computed for different ∆t time units, all the different trajectories
joining all the points coming from the LEO orbit (on the section and integrated
forwards) with all the points arriving to the GEO orbit (on the section and integrated
backwards), with Ω = 0 degrees in both cases, using the orbits computed with the
linear equations around L1 as a first approximation, we can select the orbits that
minimize the increment of velocity ∆v that we have to apply.
0 0.1 0.2 0.3 0.4 0.5
0 71.798 73.272 85.108 88.588 60.765 50.028
0.1 74.530 82.099 91.203 72.305 44.593 46.267
0.2 77.371 89.536 90.402 99.533 84.289 62.983
0.3 85.931 91.762 93.653 109.845 81.698 65.980
Table 3.4: ∆v (in m/s) required to match the different trajectories with Ω = 0 degrees.
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For these ∆v we have the initial conditions on the LEO orbit and final conditions
on the GEO orbit, and we have the ∆t required to go from point 1 to point 2 in
RTBP time units. In figure 3.15 we plot different trajectories that join the two initial
points computed with the parallel shooting method with the RTBP vectorfield with
a minimum increment of velocity. We plot the first row of the table 3.4.
ω1 ∆v1 (km/s) ω2 ∆v2 (km/s) ∆t ∆v (m/s)
203 1.93 197 1.205 2.24 71.798
201 1.93 197 1.205 2.12 73.272
201 1.93 197 1.205 2.02 85.108
198 1.93 196 1.205 2.14 88.588
206 1.93 198 1.205 4.58 60.765
206 1.93 198 1.205 1.46 50.028
203 1.93 197 1.205 2.15 74.530
202 1.93 197 1.205 2.04 82.099
201 1.93 196 1.205 2.19 91.203
205 1.93 198 1.205 4.59 72.305
206 1.93 198 1.205 4.49 44.593
207 1.93 198 1.205 4.40 46.267
202 1.93 197 1.205 2.04 77.371
205 1.93 197 1.205 1.98 89.536
201 1.93 196 1.205 2.09 90.402
201 1.93 196 1.205 2.00 99.533
204 1.93 198 1.205 1.38 84.289
204 1.93 198 1.205 1.27 62.982
206 1.93 197 1.205 2.00 85.931
200 1.93 196 1.205 2.07 91.762
202 1.93 196 1.205 2.01 93.653
206 1.93 196 1.205 1.97 109.845
203 1.93 198 1.205 1.28 81.698
203 1.93 198 1.205 1.17 65.980
Table 3.5: Initial conditions on the LEO and GEO orbit with Ω = 0 and the ∆v required
to join the trajectories with the RTBP vector field.
• Case 2: Calculation of the trajectories that require minimum ∆v for different angles
Ω, and orbits that remain near libration more than 30 days and arrive to the Poincare´
section with the minimum ∆v possible.
We are going to do the same as we have done but this time with initial conditions
on the GEO and LEO orbits, for different angles Ω, such that arrive to the Poincare´
section with the minimum ∆v possible to remain near libration more than 30 days
(∆v = 1.93 km/s for the LEO and ∆v = 1.2 km/s for the GEO).
In table 3.6 we have written the initial conditions on the LEO and GEO orbits that
minimize the ∆v required to perform the manoeuvre and the time of transfer ∆t
between the points. In figure 3.16 we have plot some of the trajectories we have
computed. Observing the table 3.6, we can see that the symmetry we have observed
in the linear case is conserved in nearly all the cases.
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Figure 3.15: Trajectories (blue) that join the two trajectories (in red the orbit coming
from the LEO and in green the orbit coming from the GEO) with the RTBP equations.
The figures of the left are the xy projection of the trajectories.
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Figure 3.16: Trajectories (blue) that join the two trajectories (in red the orbit coming
from the LEO and in green the orbit coming from the GEO) with the RTBP equations.
The figures of the left are the xy projection of the trajectories.
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∆t ∆v (m/s) Ω1 ω1 ∆v1 (km/s) Ω2 ω2 ∆v2 (km/s)
2.20 182.693 0 174 1.93 0 189 1.20
2.26 220.224 0 178 1.93 60 122 1.20
0.8 154.068 0 217 1.93 120 11 1.20
2.23 115.976 0 174 1.93 180 9 1.20
3.59 227.909 0 215 1.93 278 302 1.20
3.54 167.775 0 206 1.93 300 215 1.20
3.56 177.025 60 138 1.93 0 150 1.20
2.39 188.178 60 119 1.93 60 122 1.20
2.39 151.190 60 119 1.93 120 64 1.20
2.18 156.612 60 119 1.93 180 9 1.20
0.83 257.783 60 162 1.93 240 258 1.20
0.8 74.081 60 158 1.93 300 192 1.20
3.57 196.542 120 76 1.93 0 141 1.20
2.40 215.999 120 63 1.93 60 122 1.20
2.38 178.352 120 63 1.93 120 64 1.20
2.22 141.876 120 63 1.93 180 9 1.20
1.86 304.259 120 63 1.93 240 302 1.20
0.8 201.004 120 95 1.93 300 189 1.20
2.20 117.848 180 353 1.93 0 189 1.20
3.59 227.909 180 35 1.93 60 98 1.20
3.54 167.775 180 26 1.93 120 35 1.20
2.18 186.001 180 353 1.93 180 9 1.20
2.25 220.072 180 359 1.93 240 302 1.20
0.8 154.068 180 37 1.93 300 191 1.20
2.18 156.612 240 299 1.93 0 189 1.20
0.83 257.783 240 342 1.93 60 78 1.20
0.8 74.081 240 338 1.93 120 12 1.20
3.56 177.025 240 318 1.93 180 330 1.20
2.39 188.178 240 299 1.93 240 302 1.20
2.39 151.190 240 299 1.93 300 244 1.20
2.22 141.876 300 243 1.93 0 189 1.20
1.86 304.259 300 243 1.93 60 122 1.20
0.8 201.004 300 275 1.93 120 9 1.20
3.57 196.542 300 256 1.93 180 321 1.20
2.40 215.999 300 243 1.93 240 302 1.20
2.38 178.352 300 243 1.93 300 244 1.20
Table 3.6: Initial conditions on the LEO and GEO orbit with different angles Ω and the
∆v required two join the trajectories with the RTBP equations.
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3.5 Numerical results for other LEO’s
Until now, we have worked with an equatorial elliptical orbit of eccentricity 0.26 and semi-
major axis 12000 km. In this section, we are going to compute the ∆v required to join the
trajectories leaving the elliptical orbit and arriving to the GEO orbit, but this time, for
different elliptical orbits, changing the semimajor axis, the eccentricity and the inclination.
3.5.1 Changing the semimajor axis
As we have done before, first we compute the ∆v required to match the trajectories with
the linear equations around the equilibrium point L1, and then, using these values as a
first approximation, we compute the ∆v to perform the two manoeuvres using the RTBP
vectorfield. We will do the calculation for a LEO of semi-major axis 15000 km and a LEO
of 20000 km. Both LEO’s are equatorial and with eccentricity 0.26.
What we can see observing the tables 3.7 and 3.8 is that more or less the ∆v required
to perform the matching with the linear equations is very similar, but the ∆v required
to leave the elliptical orbit gets smaller the bigger is the semi-major axis. Observing the
tables 3.9 and 3.10 we can see that the mean of the ∆v required to perform the matching
with the RTBP equations seems to increase a little bit when the semi-major axis increases.
If we compare these results with a coplanar Hohmann transfer which needs an increment
of velocity of 1.907371 km/s between the same two orbits when the semi-major axis is 15000
km and 1.352108 km/s when it is 20000 km, we see that using a direct Hohmann transfer
is much better.
3.5.2 Changing the inclination
We are going to compute the required ∆v to perform the transfer between a GEO and a
LEO of semimajor axis 12000 km, with eccentricity 0.3 and with inclination 0.0 degrees
over the equator, 5.05 over the equator (Kourou) and inclination 28.45 degrees over the
equator (Kennedy).
Observing the tables 3.11, 3.12 and 3.13 we can see that the mean of the ∆v required to
perform the matching with the linear equations around the equilibrium point L1 increases
when the inclination increases. And we can see the same things in the tables computed
with the RTBP vectorfield, tables 3.14, 3.15 and 3.16.
As before, if we compare the results we get with a non-coplanar Hohmann transfer
between the two orbits, we have that it is better to perform a non-coplanar Hohmann
transfer in the case of the equatorial and Kourou inclination, because the total ∆v re-
quired is around 2.5 km/s, and for the case of the Kennedy inclination more or less both
procedures require the same ∆v, around 3.2 km/s. So it is obvious to see that if the
elliptical orbit has an inclination with respect to the equator bigger than the Kennedy
inclination, it will be cheaper, in terms of ∆v, to perform this LEO-GEO transfer that we
have been studying instead of the non-coplanar Hohmann transfer.
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∆t ∆v (m/s) Ω1 ω1 ∆v1 (km/s) Ω2 ω2 ∆v2 (km/s)
3.06 124.534 0 186 1.72 0 175 1.20
2.66 344.060 0 168 1.72 60 107 1.20
0.91 172.618 0 224 1.72 120 11 1.20
3.76 104.483 0 216 1.72 180 320 1.20
3.70 188.355 0 217 1.72 240 271 1.20
3.54 91.296 0 215 1.72 300 220 1.20
3.65 93.045 60 142 1.72 0 146 1.20
3.51 186.809 60 132 1.72 60 86 1.20
3.37 92.579 60 139 1.72 120 44 1.20
3.51 236.625 60 166 1.72 180 356 1.20
0.88 275.682 60 165 1.72 240 259 1.20
0.88 99.090 60 163 1.72 300 193 1.20
3.74 146.470 120 88 1.72 0 140 1.20
3.51 148.387 120 84 1.72 60 94 1.20
3.52 217.956 120 93 1.72 120 46 1.20
2.65 311.611 120 67 1.72 180 9 1.20
1.06 350.782 120 103 1.72 240 256 1.20
0.87 203.812 120 100 1.72 300 189 1.20
3.76 104.483 180 36 1.72 0 140 1.20
3.70 188.355 180 37 1.72 60 91 1.20
3.54 91.296 180 35 1.72 120 40 1.20
3.06 124.534 180 6 1.72 180 355 1.20
2.65 340.047 180 347 1.72 240 285 1.20
0.91 172.618 180 44 1.72 300 191 1.20
3.51 236.625 240 346 1.72 0 176 1.20
0.88 275.682 240 345 1.72 60 79 1.20
0.88 99.090 240 343 1.72 120 13 1.20
3.65 93.045 240 322 1.72 180 326 1.20
3.51 186.809 240 312 1.72 240 266 1.20
3.37 92.579 240 319 1.72 300 224 1.20
2.65 311.611 300 247 1.72 0 189 1.20
1.06 350.782 300 283 1.72 60 76 1.20
0.87 203.812 300 280 1.72 120 9 1.20
3.74 146.470 300 268 1.72 180 320 1.20
3.51 148.387 300 264 1.72 240 274 1.20
3.52 217.956 300 273 1.72 300 226 1.20
Table 3.7: ∆v required to join the trajectories with the linear equations around L1 for a
LEO of a = 15000 km, e = 0.26 and i = 23.442.
84 LEO-GEO transfer using Sun - Earth libration point matchings
∆t ∆v (m/s) Ω1 ω1 ∆v1 (km/s) Ω2 ω2 ∆v2 (km/s)
2.17 120.922 0 162 1.48 0 151 1.20
2.32 217.424 0 162 1.48 60 88 1.20
5.28 82.369 0 162 1.48 120 27 1.20
3.81 105.301 0 222 1.48 180 319 1.20
3.66 174.563 0 222 1.48 240 276 1.20
3.55 104.653 0 221 1.48 300 226 1.20
3.59 93.814 60 164 1.48 0 164 1.20
3.45 176.799 60 129 1.48 60 85 1.20
3.40 109.894 60 140 1.48 120 44 1.20
3.52 204.743 60 169 1.48 180 356 1.20
0.89 277.549 60 168 1.48 240 260 1.20
0.92 114.005 60 165 1.48 300 194 1.20
3.79 132.940 120 93 1.48 0 139 1.20
3.57 133.367 120 89 1.48 60 92 1.20
2.32 91.088 120 48 1.48 120 27 1.20
4.82 133.319 120 48 1.48 180 359 1.20
1.08 343.579 120 106 1.48 240 256 1.20
0.91 191.455 120 104 1.48 300 189 1.20
3.81 105.301 180 42 1.48 0 139 1.20
3.66 174.563 180 42 1.48 60 96 1.20
3.55 104.653 180 41 1.48 120 46 1.20
2.17 120.922 180 342 1.48 180 331 1.20
2.32 217.424 180 342 1.48 240 268 1.20
5.28 82.369 180 342 1.48 300 207 1.20
3.52 204.743 240 349 1.48 0 176 1.20
0.89 277.549 240 348 1.48 60 80 1.20
0.92 114.005 240 345 1.48 120 14 1.20
3.59 93.814 240 344 1.48 180 344 1.20
2.20 161.475 240 287 1.48 240 262 1.20
3.40 109.894 240 320 1.48 300 224 1.20
4.82 133.319 300 228 1.48 0 179 1.20
1.08 343.579 300 286 1.48 60 76 1.20
0.91 191.455 300 284 1.48 120 9 1.20
3.79 132.940 300 273 1.48 180 319 1.20
3.57 133.367 300 269 1.48 240 272 1.20
2.32 91.088 300 228 1.48 300 207 1.20
Table 3.8: ∆v required to join the trajectories with the linear equations around L1 for a
LEO of a = 20000 km, e = 0.26 and i = 23.442.
3.5 Numerical results for other LEO’s 85
∆t ∆v (m/s) Ω1 ω1 ∆v1 (km/s) Ω2 ω2 ∆v2 (km/s)
2.15 232.303 0 168 1.72 0 189 1.20
2.28 243.359 0 180 1.72 60 122 1.20
0.85 162.398 0 223 1.72 120 11 1.20
2.27 153.844 0 168 1.72 180 7 1.20
3.48 227.617 0 220 1.72 240 288 1.20
0.80 257.868 0 225 1.72 300 194 1.20
3.60 191.556 60 139 1.72 0 149 1.20
2.33 221.873 60 113 1.72 60 122 1.20
2.35 190.048 60 113 1.72 120 64 1.20
2.13 164.514 60 113 1.72 180 9 1.20
0.84 270.562 60 166 1.72 240 258 1.20
0.83 95.516 60 165 1.72 300 191 1.20
3.65 186.936 120 82 1.72 0 140 1.20
3.52 241.389 120 85 1.72 60 94 1.20
0.81 330.173 120 97 1.72 120 11 1.20
2.19 144.926 120 55 1.72 180 9 1.20
1.83 302.393 120 59 1.72 240 302 1.20
0.82 176.639 120 101 1.72 300 189 1.20
2.25 156.038 180 347 1.72 0 186 1.20
3.48 227.617 180 40 1.72 60 108 1.20
0.80 257.868 180 45 1.72 120 14 1.20
2.21 232.827 180 347 1.72 180 7 1.20
2.28 240.882 180 359 1.72 240 302 1.20
0.85 162.398 180 43 1.72 300 191 1.20
2.13 164.514 240 293 1.72 0 189 1.20
0.84 270.562 240 346 1.72 60 78 1.20
0.83 95.516 240 345 1.72 120 11 1.20
3.60 191.556 240 319 1.72 180 329 1.20
2.33 221.873 240 293 1.72 240 302 1.20
2.35 190.048 240 293 1.72 300 244 1.20
2.19 144.926 300 235 1.72 0 189 1.20
1.83 302.393 300 239 1.72 60 122 1.20
0.82 176.639 300 281 1.72 120 9 1.20
3.65 186.936 300 262 1.72 180 320 1.20
3.52 241.389 300 265 1.72 240 274 1.20
2.31 242.720 300 235 1.72 300 244 1.20
Table 3.9: ∆v required to join the trajectories with the RTBP equations for a LEO of
a = 15000 km, e = 0.26 and i = 23.442.
86 LEO-GEO transfer using Sun - Earth libration point matchings
∆t ∆v (m/s) Ω1 ω1 ∆v1 (km/s) Ω2 ω2 ∆v2 (km/s)
2.26 193.501 0 162 1.48 0 195 1.20
2.00 294.748 0 162 1.48 60 107 1.20
0.89 175.609 0 228 1.48 120 11 1.20
0.80 215.832 0 221 1.48 180 317 1.20
3.36 255.369 0 224 1.48 240 299 1.20
2.32 273.398 0 162 1.48 300 204 1.20
3.46 224.369 60 128 1.48 0 143 1.20
3.46 257.329 60 130 1.48 60 85 1.20
2.22 231.187 60 108 1.48 120 64 1.20
2.06 207.865 60 108 1.48 180 9 1.20
0.88 282.621 60 168 1.48 240 259 1.20
0.90 128.737 60 168 1.48 300 192 1.20
2.33 146.683 120 48 1.48 0 135 1.20
2.23 215.815 120 48 1.48 60 85 1.20
2.22 176.910 120 48 1.48 120 31 1.20
1.98 231.734 120 49 1.48 180 200 1.20
1.83 318.816 120 60 1.48 240 302 1.20
0.82 175.141 120 107 1.48 300 189 1.20
4.22 170.468 180 341 1.48 0 189 1.20
3.36 255.369 180 44 1.48 60 119 1.20
2.17 206.656 180 341 1.48 120 16 1.20
2.26 193.501 180 342 1.48 180 325 1.20
2.00 294.748 180 342 1.48 240 287 1.20
0.89 175.609 180 48 1.48 300 191 1.20
2.06 207.865 240 288 1.48 0 189 1.20
0.88 282.621 240 348 1.48 60 98 1.20
0.90 128.737 240 348 1.48 120 12 1.20
2.22 125.000 240 287 1.48 180 318 1.20
2.10 164.745 240 287 1.48 240 267 1.20
1.94 183.956 240 287 1.48 300 224 1.20
1.98 231.734 300 229 1.48 0 182 1.20
1.83 318.816 300 240 1.48 60 122 1.20
0.82 175.141 300 287 1.48 120 9 1.20
2.33 146.683 300 228 1.48 180 315 1.20
2.23 215.815 300 228 1.48 240 265 1.20
2.22 176.910 300 228 1.48 300 211 1.20
Table 3.10: ∆v required to join the trajectories with the RTBP equations for a LEO of
a = 20000 km, e = 0.26 and i = 23.442.
3.5 Numerical results for other LEO’s 87
∆t ∆v (m/s) Ω1 ω1 ∆v1 (km/s) Ω2 ω2 ∆v2 (km/s)
3.08 195.135 0 184 1.87 0 173 1.20
2.40 281.524 0 156 1.87 60 95 1.20
2.58 194.739 0 157 1.87 120 20 1.20
3.83 172.996 0 232 1.87 180 318 1.20
3.58 196.719 0 232 1.87 240 285 1.20
3.59 185.608 0 225 1.87 300 227 1.20
3.57 161.053 60 175 1.87 0 173 1.20
2.49 183.647 60 100 1.87 60 84 1.20
2.33 174.354 60 100 1.87 120 43 1.20
3.54 188.590 60 176 1.87 180 356 1.20
0.90 336.775 60 171 1.87 240 260 1.20
0.96 199.160 60 170 1.87 300 193 1.20
3.82 174.246 120 105 1.87 0 136 1.20
3.63 181.238 120 105 1.87 60 96 1.20
2.43 173.612 120 42 1.87 120 38 1.20
5.19 195.999 120 41 1.87 180 356 1.20
1.08 385.277 120 110 1.87 240 256 1.20
0.91 220.559 120 114 1.87 300 188 1.20
3.83 172.996 180 52 1.87 0 138 1.20
3.58 196.719 180 52 1.87 60 105 1.20
3.59 185.608 180 45 1.87 120 47 1.20
3.08 195.135 180 4 1.87 180 353 1.20
2.39 269.605 180 335 1.87 240 272 1.20
2.58 194.739 180 337 1.87 300 200 1.20
3.54 188.590 240 356 1.87 0 176 1.20
0.90 336.775 240 351 1.87 60 80 1.20
0.96 199.160 240 350 1.87 120 13 1.20
3.57 161.053 240 355 1.87 180 353 1.20
2.49 183.647 240 280 1.87 240 264 1.20
2.32 161.659 240 279 1.87 300 219 1.20
5.19 195.999 300 221 1.87 0 176 1.20
1.08 385.277 300 290 1.87 60 76 1.20
0.91 220.559 300 294 1.87 120 8 1.20
3.82 174.246 300 285 1.87 180 316 1.20
3.63 181.238 300 285 1.87 240 276 1.20
2.43 173.612 300 222 1.87 300 218 1.20
Table 3.11: ∆v required to join the trajectories with the linearized equations for a LEO
of a = 12000 km, e = 0.3 and i = 23.442.
88 LEO-GEO transfer using Sun - Earth libration point matchings
∆t ∆v (m/s) Ω1 ω1 ∆v1 (km/s) Ω2 ω2 ∆v2 (km/s)
3.08 194.822 0 183 1.87 0 171 1.20
2.39 259.039 0 155 1.87 60 93 1.20
2.53 180.202 0 157 1.87 120 28 1.20
3.84 176.675 0 221 1.87 180 322 1.20
3.65 187.043 0 230 1.87 240 275 1.20
3.59 190.683 0 199 1.87 300 210 1.20
3.58 159.877 60 174 1.87 0 171 1.20
2.43 186.134 60 101 1.87 60 86 1.20
2.34 174.299 60 101 1.87 120 40 1.20
3.54 194.879 60 176 1.87 180 356 1.20
0.89 336.371 60 173 1.87 240 259 1.20
0.97 194.726 60 168 1.87 300 193 1.20
3.83 210.085 120 100 1.87 0 136 1.20
2.56 201.652 120 44 1.87 60 80 1.20
2.43 173.696 120 42 1.87 120 33 1.20
5.18 206.359 120 43 1.87 180 355 1.20
1.09 404.051 120 108 1.87 240 256 1.20
0.89 249.456 120 111 1.87 300 188 1.20
3.84 176.674 180 41 1.87 0 142 1.20
3.65 187.043 180 50 1.87 60 95 1.20
3.59 190.683 180 19 1.87 120 30 1.20
2.52 193.732 180 334 1.87 180 321 1.20
2.37 250.429 180 334 1.87 240 271 1.20
2.53 180.202 180 337 1.87 300 208 1.20
3.54 194.879 240 356 1.87 0 176 1.20
0.89 336.371 240 353 1.87 60 79 1.20
0.97 194.726 240 348 1.87 120 13 1.20
3.58 159.877 240 354 1.87 180 351 1.20
2.43 186.134 240 281 1.87 240 266 1.20
2.34 174.299 240 281 1.87 300 220 1.20
5.18 206.359 300 223 1.87 0 175 1.20
1.09 404.051 300 288 1.87 60 76 1.20
0.89 249.456 300 291 1.87 120 8 1.20
3.83 210.085 300 280 1.87 180 316 1.20
2.56 201.652 300 224 1.87 240 260 1.20
2.43 173.696 300 222 1.87 300 213 1.20
Table 3.12: ∆v required to join the trajectories with the linearized equations for a LEO
of a = 12000 km, e = 0.3 and i = 28.492.
3.5 Numerical results for other LEO’s 89
∆t ∆v (m/s) Ω1 ω1 ∆v1 (km/s) Ω2 ω2 ∆v2 (km/s)
2.52 173.475 0 151 1.87 0 141 1.20
2.47 187.462 0 153 1.87 60 88 1.20
5.27 175.857 0 151 1.87 120 43 1.20
3.64 227.191 0 206 1.87 180 322 1.20
3.56 229.376 0 210 1.87 240 268 1.20
3.48 202.090 0 198 1.87 300 214 1.20
3.61 165.905 60 171 1.87 0 164 1.20
3.56 194.514 60 151 1.87 60 98 1.20
3.56 200.906 60 158 1.87 120 47 1.20
3.55 238.376 60 176 1.87 180 355 1.20
0.83 334.869 60 179 1.87 240 256 1.20
0.91 198.404 60 170 1.87 300 191 1.20
3.82 523.261 120 123 1.88 0 139 1.20
3.72 546.452 120 123 1.88 60 93 1.20
0.80 578.362 120 123 1.88 120 8 1.20
2.54 646.029 120 74 1.88 180 9 1.20
0.88 643.585 120 131 1.88 240 256 1.20
0.80 483.496 120 129 1.88 300 1.88 1.20
3.64 227.191 180 26 1.87 0 142 1.20
3.56 229.376 180 30 1.87 60 88 1.20
3.48 202.090 180 18 1.87 120 34 1.20
2.52 173.475 180 331 1.87 180 321 1.20
2.47 187.462 180 333 1.87 240 268 1.20
5.27 175.857 180 331 1.87 300 223 1.20
3.55 238.376 240 356 1.87 0 175 1.20
0.83 334.869 240 359 1.87 60 76 1.20
0.91 198.403 240 350 1.87 120 11 1.20
3.61 165.905 240 351 1.87 180 344 1.20
3.56 194.514 240 331 1.87 240 278 1.20
3.56 200.906 240 338 1.87 300 227 1.20
2.54 646.029 300 254 1.88 0 189 1.20
0.88 643.585 300 311 1.88 60 76 1.20
0.80 483.496 300 309 1.88 120 8 1.20
3.82 523.261 300 303 1.88 180 319 1.20
3.72 546.452 300 303 1.88 240 273 1.20
0.80 578.362 300 303 1.88 300 188 1.20
Table 3.13: ∆v required to join the trajectories with the linearized equations for a LEO
of a = 12000 km, e = 0.3 and i = 51.892.
90 LEO-GEO transfer using Sun - Earth libration point matchings
∆t ∆v (m/s) Ω1 ω1 ∆v1 (km/s) Ω2 ω2 ∆v2 (km/s)
1.05 399.699 0 231 1.87 0 131 1.20
1.02 388.413 0 233 1.87 60 76 1.20
0.89 248.722 0 238 1.87 120 8 1.20
3.53 284.071 0 197 1.87 180 325 1.20
2.01 365.316 0 172 1.87 240 302 1.20
0.82 359.938 0 240 1.87 300 191 1.20
3.45 290.144 60 126 1.87 0 141 1.20
3.48 294.123 60 130 1.87 60 83 1.20
0.85 265.627 60 182 1.87 120 8 1.20
0.97 321.252 60 174 1.87 180 314 1.20
0.91 364.656 60 170 1.87 240 260 1.20
0.92 226.757 60 170 1.87 300 193 1.20
3.68 273.737 120 84 1.87 0 139 1.20
3.50 296.521 120 86 1.87 60 96 1.20
0.82 367.137 120 116 1.87 120 8 1.20
2.63 391.083 120 50 1.87 180 1 1.20
1.04 386.387 120 111 1.87 240 256 1.20
0.82 245.242 120 118 1.87 300 188 1.20
3.53 284.071 180 17 1.87 0 145 1.20
2.00 365.461 180 352 1.87 60 122 1.20
0.82 359.938 180 60 1.87 120 11 1.20
1.05 399.699 180 51 1.87 180 311 1.20
1.02 388.413 180 53 1.87 240 256 1.20
0.89 248.722 180 58 1.87 300 188 1.20
0.97 321.252 240 354 1.87 0 134 1.20
0.91 364.656 240 350 1.87 60 80 1.20
0.92 226.757 240 350 1.87 120 13 1.20
2.39 289.941 240 279 1.87 180 319 1.20
3.38 294.123 240 310 1.87 240 263 1.20
0.85 265.627 240 2 1.87 300 188 1.20
2.63 391.083 300 230 1.87 0 181 1.20
1.04 386.387 300 291 1.87 60 76 1.20
0.82 245.242 300 298 1.87 120 8 1.20
3.68 273.737 300 264 1.87 180 319 1.20
3.50 296.521 300 266 1.87 240 276 1.20
0.82 367.137 300 296 1.87 300 188 1.20
Table 3.14: ∆v required to join the trajectories with the RTBP equations for a LEO of
a = 12000 km, e = 0.3 and i = 23.442.
3.5 Numerical results for other LEO’s 91
∆t ∆v (m/s) Ω1 ω1 ∆v1 (km/s) Ω2 ω2 ∆v2 (km/s)
2.84 401.764 0 193 1.87 0 189 1.20
1.06 399.875 0 233 1.87 60 76 1.20
0.89 269.608 0 237 1.87 120 8 1.20
3.56 250.222 0 199 1.87 180 323 1.20
1.98 374.602 0 171 1.87 240 302 1.20
3.55 251.048 0 199 1.87 300 210 1.20
2.41 278.505 60 101 1.87 0 138 1.20
3.47 291.868 60 134 1.87 60 90 1.20
0.84 270.115 60 182 1.87 120 8 1.20
0.96 320.919 60 175 1.87 180 313 1.20
0.93 362.427 60 170 1.87 240 259 1.20
0.92 217.206 60 168 1.87 300 193 1.20
0.80 375.927 120 104 1.87 0 136 1.20
3.53 347.333 120 89 1.87 60 96 1.20
0.80 405.096 120 112 1.87 120 10 1.20
1.95 394.399 120 42 1.87 180 3 1.20
1.02 405.281 120 111 1.87 240 256 1.20
0.81 266.979 120 115 1.87 300 188 1.20
3.56 250.222 180 19 1.87 0 143 1.20
1.98 374.602 180 351 1.87 60 122 1.20
3.55 251.048 180 19 1.87 120 30 1.20
2.39 372.727 180 334 1.87 180 325 1.20
1.06 399.875 180 53 1.87 240 256 1.20
0.89 269.608 180 57 1.87 300 188 1.20
0.96 320.919 240 355 1.87 0 133 1.20
0.93 362.427 240 350 1.87 60 79 1.20
0.92 217.206 240 348 1.87 120 13 1.20
2.25 223.698 240 280 1.87 180 321 1.20
2.05 253.286 240 280 1.87 240 276 1.20
0.84 270.115 240 2 1.87 300 188 1.20
1.95 394.399 300 222 1.87 0 183 1.20
1.02 405.281 300 291 1.87 60 76 1.20
0.81 266.979 300 295 1.87 120 8 1.20
2.46 350.361 300 222 1.87 180 317 1.20
3.53 347.333 300 269 1.87 240 276 1.20
0.80 405.096 300 292 1.87 300 190 1.20
Table 3.15: ∆v required to join the trajectories with the RTBP equations for a LEO of
a = 12000 km, e = 0.3 and i = 28.492.
92 LEO-GEO transfer using Sun - Earth libration point matchings
∆t ∆v (m/s) Ω1 ω1 ∆v1 (km/s) Ω2 ω2 ∆v2 (km/s)
2.24 295.026 0 150 1.87 0 148 1.20
1.97 309.179 0 150 1.87 60 106 1.20
3.51 331.692 0 181 1.87 120 16 1.20
3.64 268.301 0 206 1.87 180 322 1.20
3.42 257.211 0 204 1.87 240 276 1.20
0.80 462.219 0 203 1.87 300 192 1.20
0.80 368.658 60 159 1.87 0 140 1.20
2.49 463.226 60 120 1.87 60 122 1.20
0.83 289.828 60 182 1.87 120 8 1.20
0.87 323.397 60 181 1.87 180 312 1.20
0.95 359.345 60 170 1.87 240 256 1.20
0.89 231.144 60 171 1.87 300 190 1.20
0.80 711.358 120 102 1.88 0 131 1.20
2.59 711.125 120 69 1.88 60 122 1.20
2.68 678.654 120 71 1.88 120 64 1.20
0.80 656.690 120 138 1.88 180 309 1.20
0.80 643.084 120 139 1.88 240 256 1.20
0.80 568.398 120 129 1.88 300 188 1.20
3.64 268.301 180 26 1.87 0 142 1.20
3.42 257.211 180 29 1.87 60 96 1.20
3.54 290.435 180 12 1.87 120 24 1.20
2.24 295.026 180 330 1.87 180 328 1.20
1.97 309.179 180 330 1.87 240 286 1.20
3.51 331.692 180 10 1.87 300 196 1.20
0.87 323.397 240 1 1.87 0 132 1.20
0.95 359.345 240 350 1.87 60 76 1.20
0.89 231.144 240 351 1.87 120 10 1.20
0.80 368.658 240 339 1.87 180 320 1.20
0.80 492.952 240 343 1.87 240 270 1.20
0.83 289.828 240 2 1.87 300 188 1.20
0.80 656.690 300 318 1.88 0 129 1.20
0.80 643.084 300 319 1.88 60 76 1.20
0.80 568.398 300 309 1.88 120 8 1.20
0.80 711.358 300 282 1.88 180 311 1.20
2.59 711.125 300 249 1.88 240 302 1.20
2.68 678.654 300 251 1.88 300 244 1.20
Table 3.16: ∆v required to join the trajectories with the RTBP equations for a LEO of
a = 12000 km, e = 0.3 and i = 51.892.
Chapter 4
LEO-GEO transfer using Earth -
Moon libration point matchings
In this chapter, we are going to do similar things to what we did in last chapter, but
this time we are going to use the Earth-Moon RTBP problem instead of using the Sun-
Earth+Moon RTBP problem. In the Earth-Moon problem the mass parameter is
µ = 0.01215058.
The main difference that we have now is that in this case, the Earth is the big primary
and the Moon the small primary of the problem, so our trajectories will have to leave
the big primary in order to approach the equilibrium point L1. Basically, what we expect
changing to the Earth-Moon problem is that the time of transfer and some increments of
velocity will be reduced.
The Moon’s orbital plane is inclined with respect to the ecliptical plane 5.145 degrees,
and the Earth’s equator is inclined between 18 and 28 degrees with a cycle of 18-19 years.
In this dissertation all the calculations are done considering the Moon above the ecliptical
plane, so the in this case we are considering that the equator has an inclination of 18.3
degrees.
4.1 Arriving to a Geostationary orbit
As we did in the previous chapters, first of all, we place the spacecraft in an equatorial
circular orbit around the Earth with period 23 hours and 56 minutes, the geostationary
orbit. Then, we add an excess velocity to the spacecraft in order to make it leave its orbit.
Our aim is to arrive near the equilibrium point L1 for the Earth-Moon problem with less
than 20 days integrating backwards.
Let x = xˆ be a vertical Poincare´ section placed 60000 km on the right of the x coordinate
of the equilibrium point L1, then in RTBP units it will have equation
x = xˆ = −0.68082773. (4.1)
We integrate the different initial conditions on the GEO orbit, and we stop integrating
when we are just on the section. In figure 4.1 we have plotted the initial coordinates
that reach the Poincare´ section within the 20 days. We also have plotted in figure 4.2
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the Jacobi constant of the trajectories that arrive to the section versus the angle ω of
the initial conditions that cut the Poincare´ section, and in figure 4.3 we have plotted the
projections on the xy plane of some of the trajectories that the spacecraft performs before
arriving to the desired section.
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Figure 4.1: Pairs (ω,∆v) for different Ω that allow the spacecraft leave the GEO orbit
and reach the Poincare´ section with less than 20 days.
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Figure 4.2: Pairs (ω, J) for different angles Ω that allow the spacecraft leave the GEO
orbit and reach the Poincare´ section with less than 20 days.
As we have done in previous studies, in order to avoid the trajectories that go too far
away before approaching the equilibrium point L1, or make loops, we filter our data in the
same way we did in the other chapters. We exclude from the list of initial conditions on
the GEO orbit the ones such that:
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Figure 4.3: Projection on the xy plane of some trajectories leaving the GEO orbit.
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• if at any time the coordinate x is greater than 1.5 in RTBP units,
• if at any time the coordinate y is greater than 1.5 or lower than 1.5 in RTBP units,
• if after 3 days the trajectory keeps going to the right or it changes and starts to go
to the right,
• if they arrive to the section with less than 1 day.
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Figure 4.4: Filtered pairs (ω,∆v) for different Ω that allow the spacecraft leave the GEO
orbit and reach the Poincare´ section with less than 20 days.
Once we have our data filtered, we want to select for each Ω the pairs (ω,∆v) that allow
the spacecraft remain near libration a considerably amount of time. We define another
Poincare´ section, located at 60000 km on the left of the equilibrium point L1. It has
equation
x = xˇ = −0.993002553. (4.2)
From all our list of suitable initial conditions that arrive to the Poincare´ section x = xˆ
we select the ones that remain between the two Poincare´ sections, i.e in the zone x > xˇ
and x < xˆ, more than 5 days. In figure 4.6 we plot some trajectories that remain near
libration more than 5 days for the case Ω = 0 degrees.
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Figure 4.6: Projection on the plane xy of some of the trajectories leaving the GEO orbit
that remain near libration more than 5 days.
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4.2 Leaving from an elliptical orbit
In this section we will study the case of an equatorial elliptical orbit of eccentricity 0.26
and semi-major axis of 12000 km.
As we did in the previous chapters, we place the spacecraft in the perigee of an elliptical
orbit around the Earth. Then, we add an excess velocity to the spacecraft in order to make
it leave its orbit. Our aim is to arrive near the equilibrium point L1 for the Earth-Moon
problem with less than 20 days integrating forwards.
Integrating forwards the different initial conditions on the orbit, we select the pairs
(ω,∆v) for different angles Ω that arrive to the Poincare´ section x = xˆ within 20 days.
In figure 4.7 we plot the pairs (ω,∆v) that make the spacecraft reach the section for
the angles Ω = 0, 90, 180 and 270 degrees. In figure 4.8 we plot the projections on the
xy plane of some of the trajectories that the spacecraft performs before arriving to the
desired section. As we can see, there are initial conditions that make the spacecraft arrive
to the section making loops or going too far before reaching the section.
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Figure 4.7: Pairs (ω,∆v) for different Ω that allow the spacecraft leave the elliptical orbit
and reach the Poincare´ section with less than 20 days.
To avoid these kind of trajectories we filter our data as we did before, for the case of
the GEO orbit.
Using the same Poincare´ sections we have used for the case of the GEO orbit, we can
select among our data, the initial conditions on the elliptical orbit that make the spacecraft
remain near libration more than 5 days.
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Figure 4.9: Filtered pairs (ω,∆v) for different Ω that allow the spacecraft leave the ellip-
tical orbit and reach the Poincare´ section with less than 20 days.
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4.3 Matching the trajectories with linear equations
As we have done in the previous chapter, what we are going to do is to match the two
trajectories that we have, one coming from the elliptical orbit and the other from the
GEO orbit, by means of another trajectory, computed with the linear equations around
the equilibrium point L1, that will join the two points which are on the Poincare´ section.
As a work example, we are going to match the trajectories that we have just computed
that remain near libration more than 5 days. For each pair of points (xi, yi, zi, x˙i, y˙i, z˙i)
(xf , yf , zf , x˙f , y˙f , z˙f ) on the Poincare´ section x = xˆ, and for different increments of time
∆t, we compute the trajectory that joins the two positions with the linear equations of
the RTBP, and then, we compute the increment of velocity ∆v required to perform the
two manoeuvres.
4.3.1 Numerical results
Once we have computed all the increments of velocity ∆v required to join the trajectories,
for each pair of different initial angles Ω1 and Ω2 and for each ∆t, we select the initial
conditions (ω1,∆v1), (ω2,∆v2) and the ∆t that minimize the ∆v to perform the manoeuvre
of matching the two trajectories.
∆t ∆v (m/s) Ω1 ω1 ∆v1 (km/s) Ω2 ω2 ∆v2 (km/s)
5.31 598.578 0 30 1.87 0 321 1.10
1.11 421.444 0 64 1.85 0 188 1.04
6.25 263.440 0 44 1.85 0 105 1.06
6.05 288.851 0 32 1.86 0 17 1.05
6.08 247.184 90 304 1.86 90 284 1.06
2.99 351.645 90 310 1.85 90 226 1.04
1.18 688.790 90 326 1.85 90 100 1.06
1.09 367.466 90 326 1.85 90 11 1.04
6.25 263.440 180 224 1.85 180 285 1.06
6.05 288.851 180 212 1.86 180 197 1.05
5.31 598.578 180 210 1.87 180 141 1.10
1.11 421.444 180 244 1.85 180 8 1.04
1.18 688.790 270 146 1.85 270 280 1.06
1.09 367.466 270 146 1.85 270 191 1.04
6.08 247.184 270 124 1.86 270 104 1.06
2.99 351.645 270 130 1.85 270 46 1.04
Table 4.1: Initial conditions on the elliptical and GEO orbits with different angles Ω and
the ∆v required two join the trajectories with the RTBP linear equations.
Observing the table 4.1 we can see that, as in the Sun - Earth+Moon problem, in the
Earth-Moon problem, there also is a symmetry between the angles Ω1, Ω2 and the ∆v
of the matching manoeuvre, because for an specific pair of angles (Ω1,Ω2) the minimum
∆v of the manoeuvre is the same as the ∆v of the pair ((Ω1 + 180) mod 360, (Ω2 + 180)
mod 360).
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Figure 4.11: Trajectories (blue) that match the two trajectories (in red the orbit com-
ing from the LEO and in green the orbit coming from the GEO) with the RTBP linear
equations. The figures of the right are the xy projection of the trajectories.
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Figure 4.12: Trajectories (blue) that match the two trajectories (in red the orbit com-
ing from the LEO and in green the orbit coming from the GEO) with the RTBP linear
equations. The figures of the right are the xy projection of the trajectories.
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4.4 Matching trajectories in the RTBP vectorfield
As we have done in chapter 3, once we have one trajectory coming from the elliptical orbit,
one coming from the GEO orbit, and a matching trajectory that connects the other two
with the RTBP linear equations, what we want to do is to find the matching trajectory
that connects the points on the Poincare´ section with the RTBP vectorfield.
4.4.1 Numerical results
In this section, we are going to use the matched trajectories we have computed with
the linear equations as a first approximation to calculate the trajectories in the RTBP
vectorfield with the parallel shooting technique explained in the previous chapter. These
trajectories will match the two positions on the Poincare´ section with the RTBP equations,
one coming from the elliptical orbit, and the other from the GEO orbit.
In table 4.2, we have selected for each pair of different initial angles Ω1 and Ω2 the pairs
of initial conditions (ω1,∆v1), (ω2,∆v2) and the ∆t that minimize the ∆v to perform the
manoeuvre of matching the two trajectories. In figure 4.13 we plot some of the matched
trajectories using the RTBP equations, the ones that correspond to the first 4 rows of the
table 4.2.
∆t ∆v (m/s) Ω1 ω1 ∆v1 (km/s) Ω2 ω2 ∆v2 (km/s)
1.45 946.026 0 63 1.85 0 279 1.06
1.22 592.716 0 58 1.85 90 192 1.04
0.89 634.686 0 45 1.85 180 108 1.05
0.99 534.616 0 42 1.85 270 13 1.05
1.35 579.129 90 357 1.85 0 307 1.03
1.44 426.700 90 350 1.85 90 178 1.07
1.32 927.201 90 326 1.85 180 104 1.06
1.21 513.711 90 326 1.85 270 13 1.04
0.89 634.686 180 225 1.85 0 288 1.05
0.99 534.616 180 222 1.85 90 193 1.03
1.45 946.026 180 243 1.85 180 99 1.06
1.22 592.716 180 238 1.85 270 12 1.04
1.32 927.201 270 146 1.87 0 284 1.06
1.21 513.711 270 146 1.85 90 193 1.04
0.96 603.091 270 139 1.85 180 111 1.06
1.74 598.728 270 170 1.85 270 359 1.06
Table 4.2: Initial conditions on the elliptical and GEO orbits with different angles Ω and
the ∆v required to join the trajectories with the RTBP equations.
As in the case of the Sun - Earth+Moon problem, in this case, observing the table 4.2,
we can see that the symmetry we have observed in the linear case is conserved in nearly all
the cases if we perform de matching with the RTBP vectorfield. If we compare the tables
4.1 and 4.2 we can see that when using the RTBP vectorfield, the matched trajectories
that minimize the ∆v do not make loops around L1 (∆t < 3), whereas when using the
linear equations about L1, some of the trajectories minimizing the required ∆v performed
1 or 2 loops (∆t ≃ π and ∆t ≃ 2π).
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Figure 4.13: Trajectories (blue) that match the two trajectories (in red the orbit coming
from the LEO and in green the orbit coming from the GEO) with the RTBP equations.
The figures of the right are the xy projection of the trajectories.
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4.5 Conclusions
As we have said before, using the Earth - Moon problem instead of the Sun - Earth+Moon
problem has a big advantage that is the reduction of the transfer time. But at the same
time it has some drawbacks. Basically, what we can point out are the main differences
between both problems.
First of all, although when sending the spacecraft to the libration zone we are performing
a shorter trajectory than in the Sun - Earth+Moon problem, the initial ∆v required to
leave the LEO and GEO orbits, are very similar to the required increments of velocity
for the Sun - Earth+Moon problem. Secondly, the Jacobi constant of the trajectories
that remain near libration more days is quite different from the Jacobi constant of the
equilibrium point L1, whereas in the Sun - Earth+Moon was very similar. Finally, the ∆v
required to do the two manoeuvres to match the trajectories is greater than the ∆v in the
Sun - Earth+Moon problem.
In all the calculations, we have been using that the inclination of the equator of the
Earth with respect to Earth-Moon plane is 18.3 degrees. We have not computed any results
for other inclinations of the equator in other epochs of the cycle of the Moon, but it seems
that, if we transfer from an equatorial LEO orbit as we have done in this chapter, or in the
previous chapter, there is not going to be a big difference in the total ∆v to perform the
transfer. It might increase or decrease a little bit the ∆v of the matching manoeuvre, but
the initial and final ∆v to leave the LEO orbit and to insert the spacecraft in the GEO
orbit, will be of the same order.
Conclusions and possible
extensions
In this dissertation, we have dealt with different ways of transfer between two orbits around
the Earth. Basically, we have compared, in terms of the required ∆v to perform the
transfer, the classical manoeuvres to go from one orbit to an outer one, with trajectories
that use the geometry of the equilibrium point L1 of the Sun-Earth and Earth-Moon
systems. By using the RTBP, we have tried to take advantage of the geometry of the
problem and the dynamical systems theory. During the work some other possible things
to do arose, and could be done in some future work. In the following paragraphs we present
the general conclusions we have come up to and some possible things to do to complete
the research.
In chapter 2, we worked with the planar problem in order to simplify things and we
explained that a transfer could be done using the stable and unstable manifolds of the
Lyapunovs orbits. Nonetheless, the total required ∆v to perform this type of transfer
is much bigger than a Hohmann transfer. What would be an interesting idea for some
future work is to try to use the dynamical systems theory in the spatial RTBP, in order to
reduce the ∆v required to change the inclination of the orbit, which is the most expensive
manoeuvre.
In chapter 3, after doing all the calculations in the spatial RTBP, what we may conclude
with the work that we have done, is that this alternative way of transfer between an
elliptical orbit and GEO orbit, is better than a Hohmann transfer only for highly inclined
elliptical orbits. But although in terms of ∆v, the transfer using libration point L1 is
cheaper, it increments considerably the time of transfer. A Hohmann transfer can be
performed in hours, whereas libration point transfer, in the Sun - Earth+Moon problem,
may take more than half of a year.
In chapter 3, we transferred from an elliptical orbit to a GEO orbit and it required four
increments of velocity, one to leave the elliptical orbit, one to arrive to the GEO orbit,
and two to match the trajectories. An interesting future work would be to optimize these
initial conditions and the two manoeuvres we have to do to join the trajectories, in order
to minimize the total velocity increment
|∆vT | = |∆vleo|+ |∆v1|+ |∆v2|+ |∆vgeo|
where
• ∆vleo is the velocity increment to leave the LEO orbit
• ∆vgeo is the velocity increment to arrive to the GEO orbit
• ∆v1 and ∆v2 are the velocity increments in the two manoeuvres
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Then, we could perform the matching using only the initial and final increments and one
unique increment of velocity near the point L1. But, although this could reduce the total
∆v of the matching manoeuvre, the critical ∆v are the ones to leave the elliptical orbit
and to arrive to the GEO orbit, which are much bigger, so this, in fact, is not going to
reduce a lot the total increment of velocity required to perform this transfer.
In chapter 4, we have also studied transfers between elliptical orbits and the GEO
orbit using libration points for the Earth-Moon problem, in order to solve the problem
of incrementing too much the time of transfer. But we have concluded that it has some
drawbacks, basically due to the fact that we want to approach the equilibrium point L1
from the big primary, whereas before, we did it from the small primary of the RTBP. When
approaching the equilibrium point L1 from the small primary, the dynamics of manifolds
helps us, but in this case, when the Earth is the big primary, the natural dynamics of
manifolds is far from the Earth, so there are not trajectories that connect the Earth with
the libration zone with low cost in terms of velocity.
Another possible thing that could be done, in order to minimize the required increment
of velocity to change the inclination of the orbit in the Earth-Moon problem, is to try to
use the gravity of the Moon. The main idea is to send the spacecraft from the LEO orbit to
the Moon using a single impulsive maneuver, use the gravity field of the Moon to make the
desired plane change of the trajectory, and then return the spacecraft to the GEO orbit.
In this type of transfer we would use the RTBP when the spacecraft is far enough from the
Moon, and the two-body dynamics near the Moon to perform the inclination change. In
the Sun - Eart+Moon problem, it might be also possible to use lunar swing-bys to reduce
the cost of the change of inclination manoeuvre.
As we have said before, the objective of this masters thesis was to compute and compare
different ways of transfer between a LEO and a GEO orbit via the libration point L1.
We have seen that this way of transferring can be really good when a big change in
the inclination has to be performed or in contingency plans where, actually, it has been
performed, (see the Hiten mission). When using this type of transfer in contingency plans
what we are trying to do is to conclude a mission that has failed where the spacecraft
does not have enough combustible to do what it was planned, and by using the dynamics
near libration zone, the mission can be performed. Although this type of transfer has the
drawback that we are increasing the total duration of the transfer, this is much better than
loosing completely the mission, because the required ∆v to perform it is unreachable.
To complete the results of the transfers using libration point L1, it will be necessary to
compare them with more realistic models, using ephemerides and different gravitational
perturbations and other perturbations, to achieve real results.
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